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Introduction

Excited random walk (ERW) is a model introduced by Benjamini and
Wilson ’03. Also called Cookie Random Walk.

It’s a discrete time RW in Z%, d > 2 (starting from the origin).
e It depends on a fixed parameter § € (1/2,1].

o At the first visit to a site, it will jump in the following way:
p(z,e1) =6/d, plx,—e;)=(1-0)/d
and Vi € {2,3,...,d}
p(x,+e;) =1/2d

@ On an already visited site, the RW jumps to any nearest neighbor
with uniform probability.
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Introduction

Benjamini and Wilson ’03 proved that ERW in Z?, d > 2 is transient to
the right

lim X, -e; =00 a.s..
n—oo

Furthermore, they also show that, if d > 4, ERW is ballistic to the right

. . Xn c €1
lim inf
n—o0o n

>0 a.s..

Subsequent results:

o Kozma 03 and ’05 extended the proof of ballisticity for ERW to
d =3 and d = 2, respectively.

e Bérnard and Ramirez '07 proved a Law of Large Numbers and a
Central Limit Theorem for ERW in dimension d > 2.
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Introduction

The proofs of the transience to the right, the Law of Large Numbers
and the Central Limit Theorem, rest upon two important ingredients.

e Couple the ERW with the SRW.
o Tan points for the SRW.

A tan point in d = 2 is a site € Z? such that x is the first site of
{z + kei; k > 0} visited by the SRW.

. | I
I & ‘ Z9 \ zZ6
Zo 20

5 1S a tan point zg9 18 not a tan point
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Introduction

A more robust technique was developed by Menshikov, Popov, Ramirez
and Vachkovskaia '12. The model is a discrite time process in Z¢, d > 2
and they considered the following:

@ on already visited sites the process behaves like a d-dimensional
martingale with bounded jumps (rather than a SRW),

@ on the first time a site is visited the process has bounded jumps,
satisfies UEC and drift condition in an arbitrary direction £.

They call this model generalized excited random walk (GERW) and
they showed that GERW with a drift condition in direction ¢, is
ballistic in that direction.
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The Model

Let X = {X,}n>0 be a Z% valued process, with d > 2, Xy = 0 and
adapted to a filtration F = {F;, }n>0-

Condition I: There exists a constant X > 0 such that
sup,,>q || Xnt1 — Xaul| < K on every realization.

We have that 7 = {7(2)},cz4 € [0, 12" is a random element where the
marginals are Uniform in [0, 1] and independents. We fix a sequence
{pn}n>1, with p,, € (0,1]. Let Fp, = o(X1,..., Xp, 7(X1),...,7(X}))
and ¢ € S,
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The Model

Condition II: There exists a A > 0 such that:

e on the event { X} # X, , for all k < n},

E[ X1 — Xn|Fn] - £
E[Xn+1 — Xn|an] -

A, if 7T(){n) <Dn,

>
0, if m7(X5) > pn -

e on the event {3 k < n such that X; = X,,},

E[Xpi1 — Xn|Fn] =0.
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The Model

Condition ITI: There exist A, > 0 such that;

e Uniformly elliptic in direction £: for all n,

P[(Xpi1— Xp) - £> 7| Fn] > h, (UE1)

o Uniformly elliptic on the event {E[X,,+1 — X,|Fn] = 0}
on {E[X,11 — Xp|Fp] = 0}, for all £ € S1 with ||¢]| = 1,

P[(Xps1— Xn) -0 >r|F] >h. (UE2)

We will call X a p,-GERW.
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Main Result for the p,-GERW

Let {n(Xo) = oo} be the event in which the process X never returns to
the origin in the drift direction.

Let X be a p,-GERW in direction ¢, in Z¢ with d > 2, where
P = (qo +n)~P, with 8 < 1/6, qo is a non negative integer. There
exists b > 0 depending on the parameters of the model such that

Pn(Xo) =00l >P[X,,-£>0 foralln > 1] > .
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Writing p,-GERW

Let {Xp}n>0 be a pp,-GERW in direction ¢ and {U;};>1 a sequence of
i.i.d. random variables with uniform distribution in [0, 1]. Denote the
event E; := {3 k < i such that X = X;} and Ey := 0.

Xn=) (Xi—Xi1)
=1
= Z (1{Ei—1}§i + 1{E1'C_1}1{Ui>l)i}§i + 1{Ef_1}1{UiS:Di}%) :
=1

= Z (&' + e niui<piy Vi — 1{Ef,1ﬁ{Ui§pi}}§i) ‘

=1

We set {&;, Fi}i>1 is an increment of a d-martingale with zero mean and
{vi, Fi}i>1 is a random vector such that E[y; - £|F;—1] > A for all i > 1.

We set a polynomial decay: p, =Cn~? A1 with 8> 0 and C > 0.
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A weaker version of the p,-GERW (p,-WGERW)

Denote C' = ((¢;,j)) a continuous, d x d matrix-valued real function,
defined in [0, 00), satisfying C'(0) = 0 and
Zijzl(ci,j(t) — ¢ j(s))asa; > 0 for any o € R? t> s> 0.
Condition I*:

i) Forall k> 1 and § < 8 —1/2, where 8 > 1/2, we have

E E

B g Bl

1k k>1
ii) When the process behaves like {;}i>0

1 [nt]
—N gl o) asn— oo,
n
i=1

in probability and

lim £~ Y2E

k—o00 1<i<k

sup H&'H] =0.
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Main Result for the p,-WGERW

We define the following process

A~ o XLntJ

n p—
t nl/2

(X nt)+1 — Xne))

+ (nt — |nt)) e

Cral0, T] with uniform metric and Cga[0, 00) with the metric
p(fi9) =Dy Qik supo<<k (I[f(t) — g()[| A 1).

Theorem

Let X be a pp,-WGERW in direction £, in Z%, with d > 2,
pn=Cn"P A1, with B > 1/2. Then B™ converges in distribution to a

unique, in distribution, process with independent Gaussian increments
with sample paths in Cgral0,00).
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A specific case of p,-GERW (p,-ERW)

Let X be a p,-GERW in direction ¢

Xn =Y (& + LUpe nwiep¥i — Lee nvizph&) -
=1

If the sequence {&;};>1 is i.i.d. with zero mean and finite variance and
{7i}ti>1 is also i.i.d. with finite variance, then X is p,-ERW in the
direction /.
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The Range of p,-ERW in d > 2 and g = 1/2

Given a process { X, },>0 on the lattice Z9, we denote its range at time
n by,
RX ={r ez’ X, =z forsome 0 <k <n}.

Let 4 be the probability of a random walk with i.i.d. increments never
returning to the origin.

Proposition

Let X be a pp-ERW in direction £, in Z% with d > 2, p, = Cn~ Y2 A 1.
Then, we have that

P[|Ry|<dn] -1 asn— oo,

for every § > my corresponding to {&;}i>o-
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Main Result for the p,-ERW

Let X be a pp-ERW in direction {, in Z% with d = 2, p, = Cn~Y2 A 1.
Then B™ converges in distribution to a 2-dimensional Brownian
Motion in Cg2[0, 00).

Rodrigo B. Alves GERW in Bernoulli environment May /2022 16



Main Result for the p,-ERW

Define the set Dy, C {e1,...,eq}, where d > 4 and |Dy| = k, with
1<kE<d-3.

Let Ip, € S%1. such that lp, = Zle a; i, where «; € [0,1] and
x; € Dy, both for all 1 <1 < k.

Theorem

Let X be a p,-ERW in direction EDk, in Z% with d > 4,

= Cn~'"2 N1. Then the process B is tight in Cga [O 00) and there
emsts a Brownian Motion W. such that for every limit point Y. of the
process B" it holds that

Wt'ng—FCl\/Zth'ng th'ng‘i‘CQ\[t,

where co > ¢1 > 0.
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Meaning of our result for the p,-ERW

Every limit point of the p,-ERW in direction ¢p, suitably rescaled will

be in a kind a “cone” region, with high probability.

Wt : EDk, + CQ\/Z

Cpr

Wi-lp, + 1Vt

Figure 1: “Cone” region representation around the direction ¢p, .
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Summary of Results

pn-GERW (8 <1/6,d>2)

positive probability of never returning
to the origin (in the direction ¢)

Pr-WGERW (B> 1/2,
d>2)

convergence in distribution to a Gaus-
sian Process

pn-ERW (8 =1/2,d = 2)

convergence in distribution to a Brow-
nian Motion

pn-ERW (8 =1/2,d > 4)

all sub-sequences converge, in distri-

bution, to a process which is stochas-
tically dominated in the drift direction
below and above by a Brownian Mo-
tion plus a continuous function.
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Idea of Proof of the convergence in distribution of the
- WGERW

For simplicity

n._ Xl
B. :W

Let X be a p,-WGERW in direction ¢, d > 2 and with § > 1/2. Then

D
B" = Z asn— oo,

where Z is a unique, in distribution, process with independent
Gaussian increments.
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Idea of Proof of the convergence in distribution of the
- WGERW

o We write the process

| nt] [nt]
Bi = 5 2 &+ 5 D e oo (i — &)
=1 =1

e By Condition I* we have n ! Z}itlj &el L C(t) as n — oo and
1
k2K [supy i<y [|&ill] — 0 as k — oo.

@ Then by Theorem in Ethier and Kurtz ’09 we obtain
(7]

1
17/25 é_,LE)Z as n — 0.
n

=1
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Idea of Proof of the convergence in distribution of the
- WGERW

e We define D'Ly = 1/2 Z 1{Ef_1}1{Ui§r/3}%» a process in
Cral0, T
o We have
|7 1
(Pl <) <2 szl o
[nT] [nT)
<z O Bl < e 3 0 g

e By Condition I* we obtain that D? " %, 0, in the space Cral0,T]
for all T > 0.
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Idea of the proof of the upper bound to the range of
pp-ERW in d > 2 and 5 = 1/2

We want to prove that P[|[RX| < dn] — 1 as n — oo for every § > my
corresponding to {;}i>o.

e For an € € (0,1) we have

e We think in each time window like [N] + 2, N3] has a independent
random walk Y with i.i.d. increments. Each one with its range in
this time window.

@ Then we use the ranges of these processes to upper bound the
range of the p,-ERW.
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Idea of the proof of convergence in distribution of the
pn‘ERwa d = 27 6 - 1/2

For simplicity

n Xl
B" .= 2

Let X be a p,-ERW in direction ¢, d = 2 and with § = 1/2. Then

D
B" = W. asn— oo,

where W is a Brownian Motion.
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Idea of the proof of convergence in distribution of the
pn‘ERwa d - 27 5 - 1/2

e We write the process

L?’LtJ LntJ
By 1/2 Zfz 1/2 Z {E§ 1m{Ui§z‘—1/2}}(%‘ —&).

e By Donsker’s Theorem 1/2 ZL”J & Do W. asn — 0o, where W is
a Brownian Motion Wlth zero mean vector and covariance matrix

El&:£1].

o Denote the set Ky := {1 € {1,2,...,n} : Iyge y11y,<;-1/23 =1}
and the sequence F-stopping times {7;};>1, corresponding to the
times the p,-ERW visits a new site.
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Idea of the proof of convergence in distribution of the
pn‘ERwa d - 27 5 - 1/2

We rewrite the process

Lnt] K g | (vi — &)
By 1/2 Z& nl/2 Z | K | )
€K |y Lnt]
By the definition of K|, we have
[nt] ‘RLntJ| |RLTLH|
K )| = Z Yee iy = Z Lo, <y =2 Loy -
j i=1

‘JLnt“::

1/2

We have that the process |J|y.||/n"/* converges in Cr[0,o0) to the
identically zero function in probability.
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Idea of the proof of convergence in distribution of the
pn‘ERwa d = 27 5 - 1/2

o For any ¢ > 0, we set the event G := {|J|,7|| > ey/n}. Then for a
6 > 0, we have that

P [ sup |JngJ| > Sﬁ] =
0<t<T

— PG N {[R Y| > 8InT )] + BIG A {|RY 1| < 6T}

1/2

o Since |K .|| 2 |J|5.)|, we obtain [K|,.|/n 2. 0asn— oo in

the space Cg|0, c0).

o Asn — oo either |K|, | < oo as. or |K |, | =0 as..
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Idea of the proof of convergence in distribution of the
pn‘ERwa d Z 47 6 - 1/2

For simplicity

n . Xn
B" .= Yo

Let X be a p,-ERW in direction £p, , d > 4 and with 8 = 1/2. Then

Wt'ka+C1\/int'ka th'éDk"‘CQ\/E?

where ¢cg > ¢1 > 0.
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Idea of the proof of convergence in distribution of the
pn‘ERwa d Z 47 6 - 1/2

o We write the process

LntJ LntJ
By 1/2 Z &+ 1/2 Z Lipe <2y (i — &)

¢
o Let us set D,y := # ZZL;J 1{Ef,1ﬂ{U¢§i’1/2}}(% —&;i). The
process D), is tight in Cga[0, 00).
e Note that

[nt] R

Z 1{Ul<z 1/2} Z 1 1/2 - ’K\_ntJ‘

i:n—mfjl” |+1
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Idea of the proof of convergence in distribution of the
pn‘ERwa d Z 47 5 - 1/2

Lnt] |nt] [nt] =R, |
Z Wuicimvzy = Z Livi<i-izy — Z L, <imzy -
i:LntJ—|RfmJ |[4+1 i=1 i=1
= F el
o We rewrite the process
[nt] K . s
By’ 1/2 Z& | ng/;“ Z m

’iGKLn”

o We remember that
[ nt]

Flnggl K gyl [ g |
1/22 {U:<i=1/2y = 7172 = nl/2 = nl/2 -
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Idea of the coupling

Let Y be a p,-ERW in direction e3 and Z is a lazy random walk in Z?2.
Forall j € {1,2} and i >0, Y; - ¢; = Z; - e;.

If the process {Z;}i>o visits a new site then {Y;}i>q visits too.

As a direct consequence we obtain that [RY | > |RZ| for all n > 0.
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Idea of the proof of convergence in distribution of the
pn‘ERwa d Z 47 5 - 1/2

We set |J] | := Zfﬁl iy, <;-1/2y where § € (mq,1] and obtain
PllJ.| <|Jl]]=1 asn— oco.

n—|R7|

By the coupling we have |F,| < >7.7 Ly, <i-12y foralln > 1,
where Z is the lazy random walk define in the coupling in Z¢ %,

We define |F) | := Z?;lé/n Liy,<;-1/2y where 8" € (0,mq—) and by
Hamana and Kesten ’01 we obtain

P[|F,| <|F.]]=1 asn — oco.
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Idea of the proof of convergence in distribution of the
pn‘ERwa d Z 47 5 - 1/2

@ Thus as n — oo we have

nt
ZZL:H 1{Ui§i*1/2} |FLnt | < |KLntj’

P |Vt e [0, OO) : TLl/2 n1/2 - n1/2 -1

P [Vt € [0,00) :

K ||
| ET/L;” < L1772J — 1 and consequently
n n

K,
Pt 0,00 : 26121 — (1 - 3)1/2) < Bl < pgg] Ly,
n

@ Then for every limit point Y. of a sub-sequence of B”, we obtain
Wi -Lp, + 21-(1 - 5/) )u7t2 XY, -lp, X Wy -Up, + 2#752252
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Conjecture about the range

Conjecture

Let X be a pp,-ERW in direction £ € S% 1, in Z¢ with d > 2,
pn = Cn~P A1, with B> 1/2.Then we have

R

— Ty asmn — o0 a.S..

where mq is corresponding to {&;}i>o.

Note that for d = 2, we have that 74 = 0, whereas for d > 3, w4 € (0, 1].
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Idea of the proof that P[n(X,) = oco] > 0

Let X be a p,-GERW in direction ¢, d > 2 and with § < 1/6. Then

P[n(Xo) =o0] >4 >0.
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Idea of the proof that P[n(X,) = oco] > 0

e We prove the range of the p,-GERW is large enough

o Under certain conditions we have that the p,-GERW in £ direction
with high probability

1
Pl|X, (< g)\n%'m_'g < 6nexp(—9n’?).

@ Then using the uniformly elliptic condition
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Idea of the proof of convergence in distribution of the
pn‘ERwa d = 27 5 - 1/2

o For any € > 0, we set the event G := {|J|,r|| > ev/n}. Then for a
6 > 0, we have that

P [ sup_ Ity | > 5\/?5] =
0<

=P[G N {|R{z| > 8[nT]}] + PG N {|R{py| < 8[nT ]}
1 [onT] 1

PRz >5LnTJ]+% ; RYeR

e Hence we obtain that )
lim sup;, o, P [Sup0§t§T ’JLnt” > E\/ﬁ] < cl(éT)E/g,
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Idea of the proof of the upper bound to the range of
pp-ERW in d > 2 and 5 = 1/2

Denote {N;}i>0 as the sequence of times such that
N; = inf{k > N;_1 : Z, = 1}, where Zj ~ Bern(k_%) and
M, = inf {z >1: 22:1 AN; > n}
Let ¢ € (0,1) and we define Ny = n°®.
My,

R | <"+ My + Z |R5ij1+27Nj]| ’
j=1

where Y is a random walk whose increments are defined by {&;}i>1.
Fix any k € {1,2,...,n} and define
A ={je{l,2,..., My} : AN; <k}, clear M, < |A,, x| +n/k. Then

n
Rl <n®+ o +kAwl+ D7 Ry, ol
JEAL &
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Idea of the proof that P[n(X,) = oco] > 0

For a sufficiently large integer m, consider the event
Up={(Xps1—Xp) - £>7, forall k=0,1,...[r m—1}.

We denote the time translation of X : Wy = Xp,—17,,,44, k > 0. Then
W is a p,-GERW with A" = Z¢/{Xy,..., X[,~1),,_1} starting at
Wo = X{,—17, and for some k, we have py, = (qo + [r=m + k)=P.

Now we set m = (C/[r~11)(3/A)T where § = (2 — 0)(1/2 + ) > 1,
0 = a — f and C is a positive constant, depending on «, 3, qo, K, A
and 7.
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Idea of the proof that P[n(X,) = oco] > 0

For every k > 1 consider the following events

= {Lmi g s (75 = Wity ) > _mk} |
Ui = {Wl_mifoj 4> mk+1} .

Where we denote mg = 0, m; =m and, for k > 1, my1 = %Ami.
We show that

{‘Xn-€>07 forallnzl}D (ﬂ GkﬂUk>ﬁUo.
k=1

Since P [(N2, (G N U)) NUo] = P[Uo] (1 — 332, P[G}|Uo] + P[UE|Uo])
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Idea of the proof that P[n(X,) = oco] > 0

Controlling the probabilities:

e By the uniform ellipse condition,
P[Uo] > A" 1Tm

o By union bounds and Azuma’s inequality:

mG
P[Gi|Ug) > 1 — m2%e 2x7

e By Proposition 4:

_ 1
P{U|U] = P | W A ,(f 0)(3-+6)

m2~9) 62 §m
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