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Non-homogeneous random walks

08 M. Vachkovskaia, MM, AW Reflecting billiards
14 N. Georgiou & AW Half-strip model.
17 C. Lo & AW with generalized Lamperti drift.

this work with compact (uncountable) many states.
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Background

Xn “homogeneous” RW on Z+ f0(n) =
#{t∈N : t≤n,Xt=0}

n
E [X1 − X0] < 0,P(τ0 <∞) = 1, f0(n) → f0 > 0

E [X1 − X0] = 0,P(τ0 <∞) = 1, f0(n) → 0

E [X1 − X0] > 0,P(τ0 <∞) < 1,Xn → ∞

Non-homogeneous random walks: E[Xn+1 − Xn|Xn = x ] = d(x).

First example: the |Xn|, for Xn homogeneous RW on Zd .

Interesting: d ≤ 2 recurrent, d ≥ 3 transient
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Supermartingale: E[f (Xn+1)|Fn] ≤ f (Xn)
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Transient ⇔
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Model

γ ∈ (0, 1)

Rγ = {(x , y) ∈ R2 : x ≥ 0, |y | < xγ}

Given (z , α), z ∈ ∂Rγ and α an incomming angle, the outgoing
angle β is distributed according to Kb(α, ·)

z+ is determined by (z , β)

α+ := β + θ(z) + θ(z+)

The construction of the (Markov) process (Zn, αn) is complete.
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Result

Let π(dα) be the unique invariant measure under Kb(α, ·):

π(A) =

∫
Kb(α,A)π(dα) for all measurable set A.

Kb is nice: smooth, elliptic, right-progressive.

Let ρ̄2 :=
∫
tan2(α)π(dα) and define

γc :=
ρ̄2

1 + 2ρ̄2
.

Theorem
If for all α ∈ S , Eα[tanβ] = 0 then the stochastic billiards
process is

recurrent if γ < γc , transient if γ > γc .
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Lamperti regime
Lyapunov functions

Half-strip heuristics

δ∗

(Xn, αn)

(Yn, α∗)

(∆n, αn+1) = f (αn,Un) ∆n := Xn+1 − Xn.

δn = E[∆n] =
∑

i P(αn = i)∆(i) ∆(i) := E[∆n|αn = i ].

αn → α∗
d
= π δn → δ∗ =

∑
i

π(i)∆(i)
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From Stochastic billiards to Half-strip models
Lamperti regime
Lyapunov functions

Half-strip: transition kernel

ξn = (Xn, αn) on R+ × S S compact (S ⊂ [−π/2, π/2])

Transition kernel K (x , α,B) := Px ,α(α1 ∈ B)

Almost Markovian condition:

lim
A→∞

sup
x>A

sup
α∈S

∥K (x , α; ·)− Kb(α, ·)∥TV = 0.

Unique invariant measure: π(B) =
∫
Kb(α,B)π(dα)

Moment condition: E[|Xn+1 − Xn|p|Fn] <∞ for p > 2
Non-confinement: P(lim supn Xn = ∞) = 1
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∥K (x , α; ·)− Kb(α, ·)∥TV = 0.

Unique invariant measure: π(B) =
∫
Kb(α,B)π(dα)

Moment condition: E[|Xn+1 − Xn|p|Fn] <∞ for p > 2
Non-confinement: P(lim supn Xn = ∞) = 1
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Lamperti regime

First and second moment conditions

sup
α∈S

∣∣∣Ex ,α[X1 − x ]−
(
dα +

eα
x

)∣∣∣ = o(x−1),

sup
α∈S

∣∣∣Ex ,α[|X1 − x |2]− s2α

∣∣∣ = o(1),

d = (dα, α ∈ S), e, s ∈ C (S). Overall drift δ1 =
∫
dαπ(dα)

δ1 < 0 : recurrent, δ1 > 0 : transient.

Lamperti regime δ1 = 0,

Strict Lamperti regime d ≡ 0.
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Lyapunov functions

For φ : S → R and ν ∈ R

Fν,φ(x , α) := xν + φ(α)xν−2,

If φ ∈ Cb(S), then

Ex ,α [Fν,φ(X1, α1)− Fν,φ(x , α)] =

ν

2
xν−2

(
2eα − s2α +

∫
S
(φβ − φα)Kb(α; dβ) + νs2α + ox ,α

)
with ox ,α an error term such that

lim
x→∞

sup
α∈S

|ox ,α| = 0.
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Fredholm Alternative

(
2eα − s2α +

∫
S
(φβ − φα)Kb(α; dβ) + νs2α + ox ,α

)

oi

Tφ(α) :=
∫
S(φα − φβ)Kb(α,dβ) = ψα

∫
S ψαπ(dα) = 0 ⇒ ∃φ : Tφ = ψ

δr :=

∫
S
(2eα−s2α)πs(dα) ψα := 2eα−s2α−δr

∫
S
ψαπs(dα) = 0

− ψα =

∫
(φβ − φα)Kb(α,dβ)

C. da Costa. Durham University Stochastic billiards
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Conclusion

Fν,φ(x , α) := xν + φ(α)xν−2, There is φ such that

Ex ,α [Fν,φ(X1, α1)− Fν,φ(x , α)] =
ν

2
xν−2

(
δr + νs2α + ox ,α

)
.

ν small, if δr < 0, ν > 0 :

recurrent,

if δr > 0, ν < 0 :

transient.

C. da Costa. Durham University Stochastic billiards
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The general Result
Generalized Lamperti drift∫

dαπ(dα) = 0

there exists ψ0 ∈ Cb(S) (unique up to translation) with

A1 :=

∫
S
ψ0(β)ϖ(β) tan(β)dβ A2 :=

∫
S
ψ0(β)ϖ

′(β)dβ

c(γ) := γ(1 + A1 − A2 + 2ρ̄2)− A1 − ρ̄2

c(γ) > 0 recurrent, c(γ) < 0 transient.

ψ0(α) = 2
∞∑
n=1

∫
S
Kb(α,dβ) tanβ.

C. da Costa. Durham University Stochastic billiards
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An example

•
∫
S Kb(α,dβ) tanβ = λ tanα. π(A) = π(−A)

γ < γc : recurrent γ > γc : transient

In general : c(γ) = γ(1 + A1 − A2 + 2ρ̄2)− A1 − ρ̄2

if 1 + A1 − A2 + 2ρ̄2 > 0 : γg =
A1 + ρ̄2

1 + A1 − A2 + 2ρ̄2

Two chalenges:

▶ Construct the example

▶ Show that γc = γg

Open questions:

▶ Could γc ̸= γg?

▶ Is 1+A1−A2+2ρ̄2 > 0?

▶ Is γg < 1?

C. da Costa. Durham University Stochastic billiards
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The displacement
(z , h(z , 1))

θ(z) β

Λ(z , 1, β)

β + θ(z)
D = D(z , β)

D = (zγ + (z + D)γ) tan(θ(z) + β)

= zγ
[
2 + γz−1D + O(z2γ−2)

] tanβ + tan θ(z)

1− tanβ tan θ(z)

=
(
2zγ tanβ + 2γz2γ−1(1 + tan2 β) + O(z3γ−2)

)
×
(
1 + γzγ−1 tanβ + O(z2γ−2)

)
sup
β∈S1

∣∣D(z , β)−
[
2zγ tanβ + 2γz2γ−1 + 4γz2γ−1 tan2 β

]∣∣ = O(z3γ−2)

C. da Costa. Durham University Stochastic billiards
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