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Mikhail Menshikov Andrew Wade

Non-homogeneous random walks

14 N. Georgiou & AW  Half-strip model.
17 C. Lo & AW with generalized Lamperti drift.
this work with compact (uncountable) many states.
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Background

X, “homogeneous” RW on Z,  fo(n) = #{teN: tnS”’X‘ZO}

E[X1 —Xo] < O,P(To < OO) = l,fb(n) — fb >0

E[X; — Xo] = 0,P(r0 < 00) = 1,f(n) = 0

E[X1 — Xo] > 0,P(70 < o0) < 1, X, — 0
Non-homogeneous random walks: E[X,+1 — X,|Xn = x] = d(x).
First example: the |X,|, for X, homogeneous RW on Z¢.

Interesting: d < 2 recurrent, d > 3 transient
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Given (z,a), z € OR, and « an incomming angle, the outgoing
angle [ is distributed according to Kp(a, -)

z" is determined by (z, 3)
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C. da Costa. Durham University Stochastic billiards



Context
Main idea
Model and result

Introduction

Model

v €(0,1)

z
Given (z,a), z € OR, and « an incomming angle, the outgoing
angle [ is distributed according to Kp(a, -)

z" is determined by (z, 3)

at:=p3+0(z)+0(z")

The construction of the (Markov) process (Z,, «,) is complete.

C. da Costa. Durham University Stochastic billiards



Context

Introduction .
Main idea

Model and result

Result

C. da Costa. Durham University Stochastic billiards



Context

Introduction .
Main idea

Model and result

Result

Let t(da) be the unique invariant measure under Kp(c, -):

mi(A) = / Kp(a, A)rt(de)  for all measurable set A.

C. da Costa. Durham University Stochastic billiards



Context

Introduction .
Main idea

Model and result

Result

Let t(da) be the unique invariant measure under Kp(c, -):

mi(A) = / Kp(a, A)rt(de)  for all measurable set A.

Kp is nice:

C. da Costa. Durham University Stochastic billiards



Context

Introduction .
Main idea

Model and result

Result

Let t(da) be the unique invariant measure under Kp(c, -):

mi(A) = / Kp(a, A)rt(de)  for all measurable set A.

Kp is nice: smooth, elliptic, right-progressive.

C. da Costa. Durham University Stochastic billiards



Context

Introduction .
Main idea

Model and result

Result

Let t(da) be the unique invariant measure under Kp(c, -):

mi(A) = / Kp(a, A)rt(de)  for all measurable set A.
Kp is nice: smooth, elliptic, right-progressive.
Let 5o := [tan?(a)n(da)  and define
P2

Ye ‘= 1_’_252‘

C. da Costa. Durham University Stochastic billiards



Context

Introduction .
Main idea

Model and result

Result

Let t(da) be the unique invariant measure under Kp(c, -):

mi(A) = / Kp(a, A)rt(de)  for all measurable set A.

Kp is nice: smooth, elliptic, right-progressive.

Let 5o := [tan?(a)n(da)  and define

P2
" T o,
Theorem
If for all & € S, E,y[tan ] = 0 then the stochastic billiards
process is

C. da Costa. Durham University Stochastic billiards



Context

Introduction .
Main idea

Model and result

Result

Let t(da) be the unique invariant measure under Kp(c, -):

mi(A) = / Kp(a, A)rt(de)  for all measurable set A.

Kp is nice: smooth, elliptic, right-progressive.

Let 5o := [tan?(a)n(da)  and define

P2
" T o,
Theorem
If for all & € S, E,y[tan ] = 0 then the stochastic billiards
process is

recurrent if v < 7y,

C. da Costa. Durham University Stochastic billiards



Context

Introduction .
Main idea

Model and result

Result

Let t(da) be the unique invariant measure under Kp(c, -):

mi(A) = / Kp(a, A)rt(de)  for all measurable set A.

Kp is nice: smooth, elliptic, right-progressive.

Let 5o := [tan?(a)n(da)  and define

N
T T
Theorem
If for all & € S, E,y[tan ] = 0 then the stochastic billiards
process is
recurrent if v < ., transient if v > ..
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(An, an+1) = f(anv Un)
§n = E[An] = X2 Py = i)A())
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Half-strip: transition kernel

&n=Xn,ap)on Ry xS S compact (S C [-7/2,7/2)])
Transition kernel K(x,a, B) := Py o(a1 € B)

Almost Markovian condition:

lim sup sup [|K(x,a; ) — Kp(e, -)||Tv = 0.

A—=00 x>AaeS
Unique invariant measure: 7(B) = [ Kp(«, B)mt(do)

Moment condition: E[| X1 — X,|P|F,] < oo for p > 2
Non-confinement: P(limsup, X, = o00) =1
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First and second moment conditions

sup [BxalXs = x] = (da+ =) = o(x1),
a€gS X
sup |Exal| X1 — x|?] = s3] = o(1),
a€eS

d=(dy, € S),e,s € C(S). Overall drift 61 = [ dymt(dev)
01 < 0 : recurrent, 01 > 0 : transient.
Lamperti regime 61 =0,

Strict Lamperti regime d = 0.
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Fup(x,a) = x" + p(a)x’ 2,
If ¢ € Cp(S), then
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Foro:S—Rand v eR
Fup(x,a) = x" + p(a)x’ 2,
If ¢ € Cp(S), then
Exa [Fop(Xis 1) = Fup(x, a)] =

14

Exl’*z <2ea — 52+ /(905 — ) Kp(a; dB) + vs? + ox7oé>
S
with oy o an error term such that

lim sup |ox.q| = 0.
X—)Ooae
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<2ea - 534 + /5(4)05 — 0a)Kp(a; dB) + ysﬁ + Ox,a>

Ker T°

fS —¥B Kb(a dﬁ) wa

R TS

fswoﬂt(da) =0=dp: To=1

. _c2 - _2_ =
Oy = /5(2ea si)ms(da) g = 2e4—55—0, /5¢aﬂs(da) 0
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<2ea - 534 + /5(4)05 — 0a)Kp(a; dB) + ysﬁ + Ox,a>

Ker T°

fS —¥B Kb(a dﬁ) wa

R TS

fswoﬂt(da) =0=dp: To=1
5, = /5(2ea—s§)7'ts(doz) P 1= 2ea_5§_5r /slbaﬁs(da) =0
- % = /(906 - Spoc)Kb(a d/B)
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v small, if 9, <0, v>0:
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Fuo(x,a) :=x" + @(a)x¥2, There is ¢ such that

v
IEx,oz [Fy,cp(le 051) - Fy,ga(xa a)] = 5XV_2 (5r + 1/55 + Ox,a) .
v small, if 9, <0, v>0: recurrent,

if o, >0, v <0:
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Conclusion

Fuo(x,a) :=x" + @(a)x¥2, There is ¢ such that

v
IEx,oz [Fy,cp(le 051) - Fy,ga(xa a)] = 5XV_2 (5r + 1/55 + Ox,a) .
v small, if 9, <0, v>0: recurrent,

if 9, >0, v <0: transient.
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The general Result
Generalized Lamperti drift

/ dor(da) = 0

there exists 19 € Cp(S) (unique up to translation) with
A= [ oa(B)=(@) ()5 A= [ vo()'(8)d5
s s

c(7) =v(1+ A1 — A2 +2p2) — AL — 2
c(y) >0 recurrent, c(y) <0 transient.

=2 K d .
Yola) 2_;1 /S (o, dB) tan 8
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An example

o [sKp(a,dB)tan B = Atana. n(A) = m(—A)
v < Yc: recurrent v > i transient

In general :  ¢c(7) =v(1+ A1 — Ax+2p2) — A1 — 2

_ A1+ p2
1+ A1 —A+2p»

if1+A; —Ax+2p2>0: Vg

Two chalenges: Open questions:
» Construct the example > Could vc # 7,47?
» Show that 7. =, > Is1+A;—Ax+2p, > 07
> s vy <17
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The displacement

Nz,1,5)

D = (2" + (z + D)")tan(68(z) + )
tan 3 + tan 0(z)

=z [2 + fyz_lD + 0(227_2)] 1 —tan 5tan 9(2)

= (227 tan B + 2y2*77}(1 + tan? B) + O(z*772))
x (1+~z" " tan B+ O(z27?))
sup |D(z, ) — [227 tan B + 2y 1 + 44z T tan® B] | = O(z*772)
BESL
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