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/B'allishc Deposihm (with P- si-:chanj)

Imasine we have @ clusier of blechs growing Above the real line

which evolves as follows:

- Above each site % € Z, L
1x 1 blochs fall vertically l
at random with rate 1

(independen'l'ly Joe each ).

5
* Whenevee 2 Llock M falls down on 2%, i+ hes 2 possibilities.

@ with prob. p € [o1], it shichs o the firsi' point of contacth,

® with Pf‘ob. l-f o _-F’a\ls sh-aish'l' down 3nd sticke to the last block above 2.
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Given % € Z ond T>0, let us cle:fane
h(n, T) 1= height 2+ time T of +he colvenn of blocks
growing Sbove .
Then-
* For p=0 (manDOM DepesiTiON):
= h(a,T) grows linearly in T
= h(x, T) hos Gaussian jlocwa*ions
* For p=1. (BALISTIC DEPOSITION) |
* h(a,T grows linearly in T

- hx, T) s Con‘)ec:\-ured Yo have KPZ j—’\udma\"\ons.

Question How does the system transition Jrom one behavior

to the other as p yufcom 1 +0o 07

. 1oo hard 3of v aF +he momert.

loleca : ask +he same Question in 2 dsf:?ereﬂ\' model .




Heavy-'l‘ailecl Ballistic Deposi+ion (with P-s+ich603)

The model is the same as BD, with the only difference Hhat +the blochs
have now random heights , which are i.id. with 2 common CDF T,
sotisfying:
*F is continveous
*+ F hag @ requiarly varying (right) Toil with index o € (0,2), i1.@
- Fey= 47 LW
j‘or some Slowly varying \-Yomf:on L.

Understand the rate cj? 3"“”’“‘ o\-F
e cluster o\-F bloche 3s T—v 00.

[BHKSV"'“J = Bu\d1r€~l ' Ha-rl‘\n. Kef’fe’si ’ VicseK (Ballishc 'Defo::‘hon with power-\'aw noise)

Some. pictures ...
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Let h(x,T;p) denote the height above . € Z of +he cluster ak time T

;For +he model with P-shchinj. Assume thar h(-,0;p)z0.

Theorem A There exists » slowly varying fumction L_ such that

CF;' any p>0 and 2 € Z, does not depend on pl

(’PTz)%LF(PTz) e

where 3‘( is characterized vid @ speciji( veriational formola (Iai-er!)

TFor p=9°. +he behavier s dif\-erQtd'= +he \wia‘d‘ process ("\(‘K,Tio))

T2o0

is 2 compound Poisson process with jump CDF F . Thos, by the senera"\ied LT,

he.T;0) - Cpta) d
T E'F(T) T

» steble law of index «

= : 2
PN parhwlar, h(x,T;0) ¢ T 7ot LF(T’-) .

What can we say aboot the phase transition 3s P O ?

Theorem B Fix ¥ € (o)) and ,for each T2 0, set P TF
Then +he system ("\('n.T'.PT))T7

(4

°exhibi+s 3 phase 4tecansition ot Vs (2-a)A A

y l\(%t.r' ) d
() < ¥ —= i Py 3,{
< s T-+00
T2y Lelp,T?

@) ¥r%, = hx.Ti py ) P o oo if acc) (ond is not +c3h'\-)
Cpr )™ Le(p,T) iff o €co.v]



fe,-\- Ze::.{ S:[nl— IR : s(1)=0 , Isep- sl & le,-t,0, t,.tzel:o.s'.l3

{1-£;rsch'.+a Fa-H-s ending st o‘i

ond A:= [(t.x\ € R*: lxlsl-tg = ‘l'riansle oj‘ vectices (0.0, (0,-1), (1,0)-
Co)
Note +hat araph (8) € A se £
at gqrap €©)) j\or any (o)
¢o,-\)

Tur+\\ermor€. let:
.(U“)ncm be i.i.d. random variables una\form\y cistriboted on A

* Le'\- 0< X, < Xz < ... be 4he sequence o-\f Poin-l's in @ Joisson process

with rate 1. independent (On) and define M_:= _1 .
P °f LYY Cf n (xn)-,“

Qbsecrve +hat (Ma), gy is  decreasing , ie. M>M,>...> 0.

* We think oJ(-‘ M, as » (Pos;+ave) weight  positioned &t O, € A .

T\en, we o\efme
}(:: max{ z Ma iL{U,‘e 3\'3?\\(3)7’: s € ;e}

NeInN

= maximum Sum o\f weights M, +hat can be collected

bca an-a 1-L5P5chi+z peth eno\ina at 0.

Tt con be seen that the mex is always achieved by an as- uniaue such path.



Tor samPliciﬂ, let vs +ahe P::l-.

Consider the j‘o“owinj u3«-*.;‘>\~.‘.tal consteuchion of the process:

T ° To each 2 €% , @ssign an independent
. (marked) Poisson process with cate 4..

° Each in +he 2-+h coelumn indicates
an eccurrence oj? +he cmespono\ins process

t

=2(t,%) means that a block Jell down
sbove site 2 and stuck te +he cluster
Precisel\‘ a* time ¢

H 0 * Bach %= () comes with an independent “weagm"
Z —2-1 0 1 2 'll(f.m) which represents the height of the block

* A (discrete) pa+h S:CoT]—*Z is c3lled admissible ;f'.
) itis cad\as (=l> piecewise Cons-l-atri')
() 3l jomps of s Bre nearest -neighbour (ie. ASWI:z St -sw) € §-1,0,1 Vt)
@) S can only jump if it lands On 2 (ie. AStI£0 =p (t, st = )

. "Dej?ine (l(T(x):: q S:ET]— Z : s admissitle and (M = 7:.3 :
Tor a0y T30 and x e Z, almost sureh' we Wave

"l(n.,T; a) = max{ Ia(s(o),o) + Z "L(-t-.stﬂ) i s € (41_(1.)}

Asw) o

= mMaximumn  Sum oj—‘ weiﬁh—\'s QL(i.a.) +hat con be collected 5:3

any admissible Pa*h endin3 aFr n.

_T\:\\)S. 1o Prove our results . we need 1o show Hot +hie “discrete” optimizakion problem

above is asymyhrhca\\s, equivalent +o +the “ continuous oneQ defin'ma }( ae T— oco.



(A 5ew words aboutr the Priof

The limik j‘( is +he ‘same  one obtsined by Hambly & Mactin (2003)

Sor Heavy-toiled Last Possoge Tercolation on  INx IN. Moce precisely, -'j: g

(?L‘uj)i.jelhl 2c€¢ i.i.d. with common <OF T as befor&,

. Hn:= MAXium sSum of we&sh‘\-s ‘\L‘.j +hat can be collected by

any imreasm3 Paﬂu (0,0) ——= (o),

t+hen ~

Hn d =j‘(.

2
a/ LF.(n) fee

* To prove our results, we will 50\\0@ the approach bﬁ Hambly & Mortin (200F) .

* DIFFICULTIES

)

1) We dont have » ceguler lattice Like INx IN, byt rather 2 random u?oisson'nat\ latvice
In particular, admissible paths are harder to control then incredsing paths.
2) (discrete) adwissible paths % 1- Lipschiba Fahns enly as T—=o00,
E)) Hambk‘ % Martin only considered t+he “p: 1" case.
. MAiN IDEAS : How te show +hwat \'\(O,T;p) ~ (]*(, .
(pT‘)‘LF<PT‘)

R . - - . Q D]
QT—S_ =(&o ) can be " collected btﬂ some s C (/(T“’)}

* Ovrder the weisk\'s iwl(t,x) (k) € %T'g b\’ sizQ,ob*a'-rﬁna

Q)] Q)]
a decmasmj sequence M, Y M T > I M(T),
| 2 IzT
L (™ )
. et U“ ) =1, .00, g, denote the position of +he we(s\d- D DR

« Gall (O MT :asi,...,e) +he discrete model |

. G (v, Nn) +he continvovs model.
ne N



—l\-\en, +he om2in steps 05 the F'°°\'Fs are the fo\\owmjz
1) Show that only the larsesl' weiah-\-s matter, (.e. tor K \arje,

h(o,mip) = max{ " - s € Y o= Sk
P M . T <
ng n ijU:., ‘e %raP\s(sﬂ ?}

TFor 4his, we need %ood bounds on:
¢) IE(M:)) \for a3l n,

fi

@) IE ( max
S€ A @

/

<O ?1(: is collected b“j sﬂg|)

2) Show that the same holds 5«- +he continuous model , i.e.

50:- 2l K \arse, enoo%h.

j‘( < max{z M, AL

asK EU,,G STQPH(S)S K

s € f,gaeg

3) Constroct 2 <°uP\in3 between (U‘:),MS))“K and (U“'M“)neu\l soch dhat:
¢ Ky

) Jor each k €N,

| (M:T’...,M‘:) -,-‘Ts“’ (M., M)
T LT

) \for each L, with \naah Pegba\oi\i-\-\, as T— o0,

The optimal path in the discrete model The optimal path in the continvous model
collects +he wecs\rﬂ' H‘.‘ﬂ 1 - collects +he wega\-d- M(

() + (&) imply +hat ,j’or each K, i:f T i larse enovah,

(§9)
- Sk ®
(PT") ‘A LF(T) K

which, combined with (1) and (2), gives +he resoht.



