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MOTIVATION AND RESULTS

STOCHASTIC HEAT EQuaTION (SHE)

& = space-time white noise, W = two-sided BM
0Z =127 + ¢, Zy(x) = WK
KARDAR-PARISI-ZHANG EQuUATION (KPZ)
he(x) = log Zy(x) == Oth=L102h+ L(0.h)? +¢
STOCHASTIC BURGES EQUATION (SBE)
up(x) = Oxhe(x) = Opu = 302u + 30,u? + Ox&

Forster-Nelson-Stephen 77, Kardar-Parisi-Zhang 86
Bertini-Giacomin 97, Hairer 13
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https://projecteuclid.org/journals/communications-in-mathematical-physics/volume-183/issue-3/Stochastic-Burgers-and-KPZ-equations-from-particle-systems/cmp/1158328658.full
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MOTIVATION AND RESULTS

Two-POINT CORRELATION FUNCTION SBE
Ci(x) = E [up(0)ue(x)], or formally,

E [ /]R b1 00 /R ¢2utdz] - / /R 610:)02(y) Cely — x)aly

Prahofer-Spohn 04

ASsYMPTOTIC INDEPENDENCE SBE

How far is the joint measure 6; of the pair of observables

/¢1uodx and /(bzutdz,
R R

from the product measure 7; induced by the marginals?
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https://link.springer.com/article/10.1023/B:JOSS.0000019810.21828.fc

MOTIVATION AND RESULTS

Recall ho(x) = o W(x) and let
> gi(x) = Var [he(x)]
> ) = 1, ¢1(0) =0
THEOREM 1

1

> Ci(x) = gtz(x)

| 2 Wass(@t,ﬁt > UH¢1H2\/>I f]R2 |¢2

)[1(z +x)|

O

{/Q(X) dzdx
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MOTIVATION AND RESULTS

» SHE Zy(x,y) = d(x — y) — Zi(x, y) fundamental solution
> Solution of KPZ — hy(x) = log ([ Ze(x, y)e” W dy)
» End-point density — p:(y) = Z:(0.y)e” V)

T Jg Z:(0,2)e"W(2) dz
Alberts-Khanin-Quastel 14

THEOREM 2

E [pi(y)] = &)


https://doi.org/10.1007/s10955-013-0872-z

MOTIVATION AND RESULTS

KPZ UNIVERSALITY
> el/2h63/zt(ex) — cet = he(x), as e\, 0
» g:(x) = Var he(x) ~ t2/3g(xt_2/3)

> B [pe(y)] ~ t2/3f (yt=2/3)

o
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PART 1: DISTANCE FROM INDEPENDENCE

> (Xl,Xg) Q= R2, 0= ]P)Xl,Xg and n = le ®PXQ-

» Wasserstein Distance
Wass(0,7) = sup {‘/ €d¢9—/ £d77|}.
¢eLip, R2 R2

> W = (W(x), x € R) two-sided standard BM, ¢ > 0,

X1 = a/ p1Wdx and Xp = Xa(o, W) .
R
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MALLIAVIN DERIVATIVE

> W(¢) = fp oWk,
> For X = f(W(¢1),..., W(¢qg))

d
DX(u) =Y 0 f(W(1),..., W(da))pj(u) € L*(Q x R).
j=1

> DXi(u) = D(oW(61))(u) = o1 (u).

Lectures Notes by D. Nualart


https://ensaios.sbm.org.br/wp-content/uploads/sites/8/sites/8/2021/11/EM_34_Nualart.pdf

MALLIAVIN DERIVATIVE

» Chain rule (CR)
Df (X1, X2) = Oy, f(X1, X2) DX1 + Ox, f (X1, X2)DX2 ;
» Integration by parts (IP)

E [W(¢)X] =E [(DX, ¢)] ;

» Correlation E [X1X2] =cE [<DX2,¢)1>];
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STEIN’S METHOD - ASYMP. INDEPENDENCE

> Let Nf(x1,x) = 020y f(x1, %) — x1f(x1,x2). Then
X1 ~ N(0,0%) and X; L Xo <= E [Nf(X1,X2)] =0.
> For X; = o [ ¢1Wdx ~ N(0,02), with 62 = 02|13, use
E [Nf(X1, X2)]
to quantify distance from independence.

Lectures Notes by S. Chatterjee
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https://souravchatterjee.su.domains/AllLectures.pdf

STEIN’S METHOD - ASYMP. INDEPENDENCE

LEMMA 1
Given a nice function ¢, there exists a unique bounded solution
f; : R? — R of the equation

Nf(Xl,Xg) = E(Xl,X2) —E [E(Xl,Xg)] .
Furthermore,

> HfEHoo < H6X1£Hoo;

> 1 filloo < 21/ 2010 oo

> 0sfellos < 73/ 10x oo -
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STEIN’S METHOD - ASYMP. INDEPENDENCE

PROOF
Let £: R? — R be a nice function and Y ~ N(0,0?). Then

fi(x1, %) = —01% /01 2\/t(117—t)E [w (\/Exl + \/ftY,xz)]dt.

Use that E [Y£(Y)] = o2E [f'(Y)].
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STEIN’S METHOD - ASYMP. INDEPENDENCE

If 6 =Px, x, and n = Px, @ Px,
— / (do — / (dn=E [Nfi(X1, X)] .
R2 R2
WASSERSTEIN DISTANCE TO INDEPENDENCE

Wass(6,n) < sup
fi

E [Nf(X1, Xo)] ’ .
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MALLIAVIN-STEIN METHOD - ASYMP. INDEP.

Recall X; = aW(¢1) ~ N(0,0%) with 0% = 02||¢1]/5.

E [le(Xl,Xz)] =oE [W(¢1)f(X1,X2)] equals (|P+CR)

o [(Df(X1, X2), $1)]
=oRE [axlf(xl,xz)wxl, ¢1>} + oE [8X2f(X1, X2)(DXa, ¢1>}

— 2B [axl f(xl,xg)] +oE [@2 F(X1, X2)(DXa, ¢1>] .



MALLIAVIN-STEIN METHOD - ASYMP. INDEP.

Recall N'f(x1,x) = U%@le(xl,XZ) —x1f(x1, x2),
— E [Nf(X1, Xo)] = —oE [ax2f(xl,x2)<ox2,¢1> ,

and Lemma 1: [|0xfrlloc < - f“axze”oo

LEMMA 2

If 0= PXl,Xz and n = PXI ®]P>X2 then

Wass(0,n) < ”¢1H2\/? [|<DX2,¢1>|} :
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SUMMING UP PART 1

» Correlation E [X1X2] = oE [(DXa, ¢1)]

» Distance to Independence

1 s
Wass(6, 1) < o1l \/;IE [[(DX2,¢1>\} .

» DX, not only provides quantitative information about
decorrelation but also about asymptotic independence.
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PART 2: PROOFS

KPZ EQuATION

Oeh = 302h+ 3(9<h)> + & , ho(x) = o W(x).
STOCHASTIC BURGERS EQUATION

ug(x) = Oxhe(x) = Ou = 30%2u+ 20, + OiE .
OBSERVABLES

X1 = [pdruodx = cW(¢1) and Xo = [ douedx.

01- = PX1,X2 and Ne = ]le ®PX2
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RECALL

> gi(x) = Var [h:(x)];
> Pax P1(x) = [p b2(2)p1(z + x)dz;
> 1 = o1, ¥1(0) =0;

— Zt(Ozy)eo-W(y)
> pt(y) - f]R Zt(07z)eo'W(Z)dz'

REsuULTS

> E [pe(y)] = g'(y).

20.2 1
> E [XiXo] = 3 [p d2 % d1(x)gl (x)dx;
> Wass(0r, 1) < gomir; V'3 Jr [95] % [91](x)gt (x)dx.
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COMPUTING DX,

STOCHASTIC HEAT EQUATION

0:Z = %8§Z+ Z€, Zo(x,y) = d(x —y).

Cole-Hopf solution of KPZ:

he(x) = log < /R Z:(x, y)e”W(y)dy> .
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COMPUTING DX,

Thus
f]R Zt(x,y)e”W(Y)]ly(u)dy

D(he(x))(u) = Ja Zi(x,y)e"WWdy

where

]l(ojy](u) ify>0,
ueR — 1,(u)= 0 ify=0,
—]l(y70](u) ify <0.
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COMPUTING DX,

PoLyMER END-POINT (YY)

y)eT W)
» Quenched Px,t(}/) = %;

> — D(ht(x))(u)ZO’Ex,t [Ty (u)];

> Xo = _f]R @5(x)he(x)dx;
> = DX2 O'fR(f)Q th []ly(u)] dx.
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COMPUTING DX,

PoLyMER END-POINT (Y)
» Annealed E, ;[[| =E [Ex:[]] Et=Eou
» Invariance E,; [f(Y)] =E[f(Y +x)];

» Symmetry E[f(—=Y)] =E[f(Y)].
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COMPUTING THE END-POINT DENSITY

Notice that

gt(y) = Var [h(y)] = Var [h¢(0)] — o°|y| + 2E [ho(y)he(y)] -

IP implies that

E [ho(y)he(y)] = oE [(D(he(y)),1y)]
= ’E [(Ey[1v].1,)]
_ 02{ Ee[yA(y+Y)T] ify>o0,
E:.[(yv(y+Y))]| ify<o.
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COMPUTING THE END-POINT DENSITY

Ee [y AW+ Y)T] =yPe[Y >y +E: [Yiyeyoy)

E:[(yV(y+Y) ] =-yPe[Y<—y]-E¢ [Yi{yeoy)

EmOM) = {0 20

= giy) =0’ (2P [Y <y]-1).
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TWO-POINT CORRELATION

Recall ¢1(y) = [ ¢1(u)1y(u)du. Fubini implies that
(DX, 61) = _J/R</R¢'2(x)fx,t My (u)] dx> é1(0)du
= —O’/Rgf)/z(X)EX’t [/th(u)]ly(u)du] dx
— /R () Ext [th1(Y)] dx.



TWO-POINT CORRELATION

Fubini and standard integration by parts imply that
B DX, on)] = o [ 0B Lae+ Y] o
= —oE; [/ A5 (x)h1(x + Y)dx]
R

= oE; [/R P2(x)p1(x + Y)dx]
= oE¢[p2x1(Y)] .
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DISTANCE TO INDEPENDENCE

Similarly,
E[|(DXe, é)] < oF [ / |¢'2(x>|Ex,t[w1(Y>|]dx}

— oE, [/R |50 [ (x + Y)'dx}
= B [|ga]* |v1|(Y)] -
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FINAL REMARKS

» For all 0 > 0, g/(x) gives the end-point density, the two-point
correlation function, and the speed of convergence to
independence Lopez-P 22;

» Analogous results can be proved with the same tools for the
KPZ fixed point P 22;

» Stochastic calculus allows us to study some aspects of KPZ
continuous models without the need for discrete
approximations.
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