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Dynamical system notation is easier for this talk:

Consider (2, T, pn), T : Q — Q, and a T-invariant probability
measure o T = pu.

If: @ = AN with A a finite set
T the shift: Tx = T(XoX1X2...) = X1 X2. ..

(notation x = xgXxy X2 ... € Q),

we get a stationary stochastic process X by doing

PXJ ' =x87) = ux§ ).

To fix idea: think about an i.i.d. sequence of Ber(p) r.v.s!!
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Hitting time of x in the measurable B C Q

m8(x) :=inf{k > 1: T¥x € B}.

Theorem (Poincaré Recurrence Theorem (1890))

T-invariance = pp(7p(Xx) < o00) = 1 for B with (B) > 0.
(We use the notation up(-) := %.}

— This is a qualitative result

Theorem (The Kac Lemma (1947))

Ergodicity = Eg7g = 5y (u(B) > 0).

— First quantitative result.
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Dichotomy: Periodic vs. non-Periodic point x

Preceeding result cannot hold if TKx = x (periodic points x)

Theorem (Galves, Collet, Schmitt (90’s), Abadi et al. (2000’s))

For suitable dynamics and suitable B,(x) — x € Q

18,(TB,AN(Bn)p(Bn) > 1) nsoo
N(By) e

, Vx e

The new scaling parameter A\(Bp(x)) accounts for periodic x’s.

And A\(Bx(x)) — 1 for aperiodic x’s.



Abadi et al. (2000’s): Several possible choices for A(Bp(x)), but a
simple one is

ue, (78, > “first possible return to B,”)
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What about the number N,(x) counting visits to B, in the time
window [1, t/u(Bp)], t > 07

Theorem (Pitskel (1991), Hirata (1993)...)

For suitable dynamics and suitable B,(x) — x € Q

L(Np) = Pois(t) , p—ae xeq.

Theorem (Haydn and Vaienti (2009) for cylinder sets)
For suitable dynamics and cylinder sets or balls By(x) — x € Q

L(Np) = Pdlya-Aeppli(t\) , VxeQ

when X := limy A\(Bp(x)) exists.

Pélya-Aeppli(t)) is the Compound Poisson - X; with
@ X/sarei.i.d. Geo(\)
@ M ~ Pois(t)).
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What about arbitrary target measurable null set I instead of x?
Take U, \, T, with U, is a union of n-cylinders.

@ Haydn and Vaienti (2020)
-> for geometric dynamical systems

Motivation: spatial synchronization of dynamical systems.

@ G., Haydn and Vaienti (to appear, 2023)
-> for symbolic dynamical systems.

Motivation: approximate synchronization of stochastic
processes.
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Define the return time of x into its n-cylinder

rn(x) := Ty (x).

Recall the Shannon entropy of u:

h, : —I|m Z 1)Iogu -N.

Theorem (Ornstein and Weiss (1993))

For ergodic measure p

log rp
n

—h, p—aexecfl

What about the fluctuations?



Theorem (Collet, Galves and Schmitt (1999))

If u satisfies
@ strongly mixing,

@ with o2 := lim Var("%") >0,

then:
r <Iog rn/n— hy,
N

and there exists a uy > 0 s.t. for u € [0, up[

):>N(0,1),

n
log

_Iimllogu<|0grn > h+ u> = m(h+ u)

—Iimllog,u( <h—u>:m(h—u),
where m is the Legendre-Fenchel transform of

.1 _1\9
M(q) = I|,r7nE|ogE<u(X1") 1) , geR.
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log
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1
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Define the following limits, provided it exists:

— i 1 n
A= |Irr7T’| - log E(1 — A(X{")).

Theorem (Abadi, Amorim, Chazottes, G. (to appear, 2023))

Same conditions as before:
; : 1 n—1
@ A exists and equals lim, - log Max - e

@ and R(q) exists and

R(Q) = M(q) forq>q"
=A forqg < q*

where q* € (—1,0) is the solution of the equation M(q) = A.

v
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The computation of R(q) has interest by itself.

1

.1 -1 M-
a.s I|,r7n - log rn(x) =h = I|rr7’n - log u(xy)~" a.s.

log rn/n— h, log n(X)~1/n— h,
£<0/\ﬁ7 >:>./\/(0,1)<:£< o/ )

These local considerations yield “ansatz”

In <— ,U/(X-In)_1
and

i 1 q 1 m—-q _
R(Q) := I|rr7n - log Ery «— I|rr,n " log Ep(X{)~9 = M(q)

Grassberger and Procaccia (1983): return time picture to
estimate the dimension.

Haydn ef al. (2002) shown, by simulations, that this doesn’t work.
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