A |owex bou.n.d .for set

c,olou.ring 'Ramseg numbers

Tatsa  Mavkins (UFF)

with L. Aragdo , M. Collares, 3. P. Marciamo awd R. Morris

'Prob;bibd’g Seminar - IM UFRJ



‘Ramseg rumber

R{(K)=an'¥n|Vc:ECKﬂﬁﬁ[fjhas 3 mono X KK}

ex.. R_ (3)

R (3) >5
2



‘Ramseg rumber

R{(K)‘-‘an{n\Vc:ECKﬂﬁﬁ[rjhas 3 wmono X KK}

ex.. R_ (3)

R (3) >5
2



‘Ramseg rumber

R{(K)'-‘an{n\Vc:ECK‘D—>[rjhas 3 wmono X KK}

ex.. R_ (3) v

R (3) >5
2



‘Ramseg rumber

R{(K)'-‘an{n\Vc:ECK‘D—>[rjhas 3 wmono X KK}

ex.. R_ (3) v

R (3) >5
2



‘Ramseg rumber

R{(K)'-‘an{n\Vc:ECK‘D—>[rjhas 3 wmono X KK}

ex.: R_(3) = 6 v

2
o- b c

v

-
\@

R (2) >5 R (2) £ 6
2 2



Set Colou.\rir\g —R&MS%
Set w‘wing 'R&MSEQ o bey

R{ACK)= min {n | V e: E(k) — (EJ:]) has 3 monoX KK}



Set Colou.ring ’Ramsea
Set CO‘ocming 'R&MSEQ o bey
R{'ACIQ = pun {n | V e: E(k) — (EJ:]) has 3 monoX KK}
3 3 common colowr Yo all edges:

{‘l23 i j “.J'ZJ

{1,313




Set Colou.ring ’Ramsea
Set CO‘OUW{ng Ra~nse2 number
R,'ACK7 = mun Qﬂ | V e:E(k)) — (EJ::l) has 3 monoX k’u}
3 3 common colour Yo all eiges:

Rr'a (k) = RY (k) {s,23 i : £3,23

{1,313

best Kwown boumds

a (ko) O(wr)
2 ’ ¢ R_() & v



R&W\S&é bou n d

wppev bound (grdds - Szelkeres) R .. () ¢ e.“



RMS% boun d

uppev bound (£rdos - Sze keres) R | () ¢ g "

L. WTs: Any 2- Co’ouving, ol ECk,.) where n= 4° has 3 momoX kigue .
prooq[’:

Let ¢ be 3 Z-ooea.uv;ng

wi o ku. OO0 X



RMS% boun d

uppev bound (£rdos - Sze keres) R | () ¢ g "

L. wTS'.l\ny A CO’OU.Ying, o} E(k,) where n-= 4 has 3 momoX Aigue .
prooq[’:

Let ¢ be 3 Z-ooea.uv;ng

wi o Ku. om0 X .




RMS% boun d

uppev bound (£rdos - Sze keres) R | () ¢ g "

L. wTS'.l\ny A CO’OU.Ying, o} E(k,) where n-= 4 has 3 momoX Aigue .
prooq[’:

Let ¢ be 3 Z-ooea.uv;ng

wi o Ku. om0 X .




R&W\S&é_ boun d

uppev bound (£rdos - Sze keres) R | () ¢ g "

Lo wTS'.l\ny A CO’OU.Ying, o} E(k,) where n-= 4 has 3 momoX Aigue .
prooq[’:

Let ¢ be 3 Z-ooea.uv;ng

widh o Ku. om0 X .

X
<

) )(.l X, n NB (VJ)



R&W\S&é_ boun d

uppev bound (£rdos - Sze keres) R | () ¢ g "

Lo wTS'.l\ny A CO’OU.Ying, o} E(k,) where n-= 4 has 3 momoX Aigue .
prooq[’:

Let ¢ be 3 Z-ooea.uv;ng

widh o Ku. om0 X .

) [nx,l -1]

X, NN V)

X
<

) )(.l



wppev bound (£rdSs - Szekeves)

ve®

Rarmse/é boun d

nnNCv)f\ﬂN(\ﬂ
[ R

vE R

R

2,3 (K)



Ra'msecé boun d

uppev bound (£rdds - Szekeres) R, () & 4 = 2

IX = IV] = n
]Xil > (n'i)/z =

> =
Ix 1> (i, >

lX,l 2 n -4

.

X, X n N N w n (\ N
(<) R
ve® VER




Rarmsecé boun d

uppev bound (£rdds - Szekeres) R, () & 4 = 2

X, = X nﬂl\)w)n(\t\lw)
8 R

ve®

IX = IV] = n
]Xil > (n'i)/z =

> =
Ix 1> (i, >

lX,l 2 n -4

.

wWhen i = 2 (k-1),

w
x.l > 4
¢ 2 (w-3)

vE R

LA
2

n

4

..j/z

_j/z

- A/q



'Rarmseaé boun d

wppev bound (£rdSs - Szekeves)

n N N w n (\ N V)
8 R
ve® vE R

R
2

K ®
. () & 4 < 2
I X | = IV] = n
o
Ix | %> n-» = -3
4 /2 92‘ /2
> - - -
Ix 1> (ix, D,y oo, oy,
lX‘,.| 7> n -3
2\‘
wWhen i = 2 (k-1),
w
x.l > 4 -4 %
¢ 2 (w-3)
we have 8 momoX KK'.



Rarmse% bound CR, (D £ (4-&)
‘0 K 2k
uppev bound (£rdds - Szekeres) R, () & 4 = 2
| X | = IVv] = n
o
]Xil > (Y\-.{) /2 = DZ_ = 5/2
3 - _ _
Ix 1> (ix, D,y oo, oy,
lXil 7> n -3
2\‘
wWhen i = 2 (k-1),
w
.l > 4 -4 5y
2 (w-3)
X, = x a0 N o n N N )
v -1
ved veRr we haye o mono%X KK'.




R&mse—'é boun d

wppev bound (£rdSs - Szekeves)

R

r

'

. ()




Set c,olowring _R&MS% bounds

vk
wppev bound (ErdSs - Szekerves) Kr () = (r/,))

B



Set c,olowring ’Rarmseé bounds

Yk
uppev bound (Erdos - Sze keres) R () = (r/b) seme idea !

PVOOJ'.

SEON®




Set c,olowring ’Rarmseé bounds

Yk
uppev bound (Erdos - Sze keres) R () = (r/a) seme idea !

PVOOJ'.

Given 8 vewrtex v n X .
t-s

m?'cwil'y color rwresemt in at least

AR g




Set c,olowring ’Rarmseé bounds

Yk
uppev bound (Erdos - Sze keres) R () = (r/a) seme idea !

PVOOJ'.

Given 8 vewrtex v n X .
t-s

m?'cwil'y color rwresemt in at least

W Ix., 1-4 nugk\:you-rs i
-4




Set c,olowring ’Rarmseé bounds

Yk
uppev bound (Erdos - Sze keres) R () = (r/a) seme idea !

PVOOJ'.

Given 8 vewrtex v n X .
t-s

m?'cwil'y color rwresemt in at least

XA G121 g




Set c,olowring ’Rarmseé bounds

wppev bound (ErdSs - Szekeves) Rr

PVOOJ'.

SXARRE

() = (r/ )Yk some ideal
IS N

Given 8 vewrtex v n X .
t-s

m?'cwil'y color rwresemt in at least

(Ix . s |- 31) nugk\oowfs.

D
— 1
r



Set c,olowring ’Rarmseé bounds

wppev bound (ErdSs - Szekeves) Rr

PVOOJ'.

SXARRE

() = (r/ )Yk some ideal
IS N

Given 8 vewrtex v n X .
t-s

m?'cwil'y color rwresemt in at least

(Ix . s |- 31) nugk\oowfs.

D
— 1
r

i
=> 1%l % a (X 1-4) > (_Jg_)n - 4
Y Y



Set c,olowring ’Rannseé bounds

wppev bound (ErdSs - Szekeves) Rr

'WOQJ:

SXARRE

D

() = some idea !

(rzﬁ)vk

Givemw 8 vertex v in X

t-s

m?‘ovil'y color rfesemt in abt least

(Ix_‘l- 1)

-

nungOufs.

D
Y

=> |)(L| > N (lXi_JlJ) 2
Y

(a)n -

At time L= r(k-3) we have

3 wmomoX digee'!



Set c,olowring ’Rarmseé bounds

n (e/y)
lower bound R () = 2 (case &= r-1)

Y‘,r—i

proof -



Set c,olowring ’Rarmseé bounds

n (e/e)
lewer bound R B () = 2 (case »~ = r-1)
proof -
Acsume r & k| r >k R (W) = pun fn: (2)>¢]

¥ r-
Rt

COn&cJQV 2 3+ do v wlmr.‘ng (ina. ad CWA.J in (E(’>3>>



Set c,olowring ’Rannseé bounds

n (e/e)
lewer bound Kr B () = 2 (case »~ = r-1)
proof -
Acsume r & k| r >k R“r_s (W) = pun fn: (2)>¢]
\

COY\S;_JEW fa] 3 dow wlmr:ng (ind. ad owudP in (EL.J))

()
P ( J,‘xecl k- digue s mooX ) € v (_2>

Y



Set c,olowring ’Rannseé bounds

n (e/e)
lewer bound K\"r—i () = 2 (case »~ = r-1)
proof -
Acsume r & k| r >k R (W) = pun fn: (2)>¢]

v -1
COY\S;_JEW fa] 3 dow wlmr:ng (incl. ad owudP in (EL.J))

(%)
P ( J,‘xul K- digue s oo X ) € v (J>>

T @
IE[#gmo»\o'x m-c&:ye)é (:“\)r(.\—i/{)



Set c,olowring ’Rannseé bounds

n (e/v)
lewer bound R B () = 2 (case »~ = r-1)
proof -
Acsume r & k| r >k R (W) = pun fn: (2)>¢]

¥ r-
Rt

Considev 3 randow oolour.'ng (;nA. d O e (:;3‘))
(%

()
EL# of momoXx w-chigue) € (Q) r (1—1/,7
(%)

i/
rnk(l--\/rv < (nk

P ( J;xecl k- digue s mooX ) € v (_2>

Y

w “k/- .
e )

In

 (elr) —
n = 2 < 4



Set Colou.ring ’Ramsea

L. O\ﬂ'?fnau} s\’u&e.cl bg, ErAC’;S, H%nal ond Rado (GS)

L . Stk
> CJOV\\)&CJ’MQA Kf(_} (‘L) ¢ 2 .}0' some Slyv) -» O X3 N -° oo



Set Colou.ring ’Ramsea

L. O\ﬂ'?fnau} s\’u&e.cl bg, ErAC’;S, H%nal ond Rado (GS)

L . Stk
> oo«n\)e.cl’wecl Kr.r—g () ¢ 2 }o«r some §(¥) -» 0 as n —° oo
Evrdds and Szemevedd (32)
2 (e/F) O (/)
2 s R__| () ¢ r



Set Colou.ring ’Ramsea

L. O\ﬂ'?fnau} s\’u&e.cl bg, ErAC’;S, H%nal ond Rado (GS)

Stk
L’ W\Secl’wed K\, . () ¢ 2 }o«r some S(¥) -2 0 as n —° oo
Evrdds and Szemevedd (32)
n (e/ O (/)
2 e IR

“Simple  bounds

a(kfr) r k
2 S Rf . (© ¢ (r/r-j

-
\]



Set Colou.ring "Rarmseé

caeme/aL Se*’"fng .

HSL'MPIO. bouwmls“

n (v (r-lDIr)
2

7N
7
‘
v
K
~7/
In
P
1
~
v
N



Set Colou.ring ’Ramsea

%%E/(QL Se*’"fng .

usimple bozmals“

_a(k(r-:D/r) v k.
2 v s () < (\"/J))

AN
7

Comlon | Fox  He, Mu.bacé,;lsuk and Verstraeke (22+)

G(Kr\)
R () = 2
Y NH

&w ww? »= ntr) sk ny s bownded
auJag J«ows O 2nd 14



Set Colou.\rir\g —R&MS%

Comlon , Fox  He, Mu.‘oa?',, Su¥  3nd Verstraeke (224)

© (rr
R () = 2 ~r)

T'ls

&oy ww? A= DY) ».t. DY is bownded
3«»&2 &rOM 0] ,;ynJ 3



Set Colou.ring ’Ramsea

Comlon | Fox  He, Mu.‘oa?;,, Suk  and Verstraete (22+)

G(Kr
R () = 2 )

T'ls

&oy ww? »r= nDlr) ».t. nY. s bownded
Sy From 0 gnd 1 (ub. and L.b. expoments difper by O (log »))

L lower 3nd  upper bounds cL'vexge &'T\;J’/cc‘;«l’lg when

» 3= oll¥) ov r-»n = oly)



Set Colou.ring ’Ramsea

Comlon | Fox  He, Mu.‘oa?;,, Suk  and Verstraete (22+)

© (xr
R () = 2 ) —~ best  uwoper bound known!

T'ls

&oy ww? »r= nDlr) ».t. nY. s bownded
Sy From 0 gnd 1 (ub. and L.b. expoments difper by O (log »))

Lo lowevr and Upper bounds cL'vexge &'T\;&cc‘;«l’lg when
» = o (¥) ov Tv-n = o(y)
ex.:

ce/ s c‘kbog_r
2 ¢ R Ll ¢ 2



Set Colou.\rir\g —R&MS%

Comlon , Fox  He, Mu.‘oégj,l Su¥  3nd Verstraeke (224)

G(Kr
R () = 2 )

T'ls

&oy WW? »z DY) ».t. n/. S bounded
dway Jrom O ond 4

Rras&, Collaves, Maveamo , M., Movris

then

)

J ¢c,§ >0 st i} » $v -Clgr

R, ) % exp (56%K)

V k2 (C./e) log v , where &= (r-»)/_.



Set Colou.ring _R&MS%

Comlon , Fox  He, Mu‘oag,;l Su¥  3and Verstraeke (224)

R

Y n
)

&0\( ww? A= NV
&uég Jfovn 0] amo‘ i

Aragao, Collaves, Mavciomo , M

J ¢c,§ >0 s.¥. ij » s

i g
)

V k2 (C/a) log v , where

S(Kr
() = 2 )

».t. .D/Y 1S bo.uncled

\)
- Movris /
- C '-09 r, then

R . () > exp (Sézr k)

€= (r=-n)/ .

R

® (&%)
R ()= 2

v,

V ok (8+8)/ +1




Set Oolouring ’Rarmseé

® (% W)
R () = 2
r,n
Remark . L.B.
Y¥-AN = 1 (vr) CEMMSY
»= v - 0l¥r) Simple boun d

md H S Y - Cbogr

» < Y - Clogr ACMMM

exp - A Yo V.

B.

0] (l.og, r)

O((logrY)

0] (l.og, r)



S

proop

<
-

Y - ngr

Le wts : 3 2

Lower

n:

OO'JOuNl-ng

bOu.hol CO-nS"'TU.C"l’fOfﬂ

CXP (Sézr k—)

c: Bl — (ZV)  wim

no



"’ruc:*l’(or\
bOu.hol ConS
Lower

= exp (Sézrk-)
n =
s ¢ v - ngr,

\
C- n

proop

‘der
i Cr] ComS:
oo(or t €

For each

{- -1 inJ-
. n}
H.= G ( P ; Lo

L

/7 SO



L ower bo.:.nd CO-nS"’TU.C"l’u'Oﬂ

» & v - Clog vy | n-= exp (352*“)
| tr]
Lo wrs : 3 3 colowing c: Bk = (D) wih  no

pfoo_f:

For each clor i € LCr3 conscder

Ho= G (Gm,p) 3nd g (nl — Lml ind.

umn'J?.




Lower lbound comstruction

» & v - ngr' n= exp (Sézrk-)

Le wts : 3 2 wbowr-'ng c: E(k,) — (C.I:]> with  no K mowo X |

proof
For each clor i € LCr3 conscder

Ho= 6w, pd o d #,




Lower lbound comstruction

wts ;@ 3 in c ‘o
3 colowing ¢ E(k,) — (57) with o K, momox

Hi= G(v\n,p) and ¢i'- (nl — Cm1  ind. M;J

VAV >@



Lower lbound comstruction

wts ¢+ 3 3 ool»own'ng c: E(k,) — (CJ:]> with no kK, monoX,

Hi= G(vn,p) and ¢i'- (nl — Iml ind. umiJ?.
’X‘ (wv) = {i e L[v] : ‘f¢i(u.),¢i(v)}€ E(H;)} V uv € E(kn)

Bad edaes: 2= {e ¢ E): Ix@] <)



Lower lbound comstruction

wts : 3 2 ooLowv.'ng c: E(k,) — (t}:]) with no kK, monoX .

H. = G (m ,p) and g0 (nd3 — Lml ind. umif.

L

X' (w) = {ie¢ vl : ‘f¢i(u.),¢i(v)}€ E (M)} V uwv € E (k)

Bad edges: = {e ¢ EW): [x@] <l @

WV - ro ssing olowrs: kK (w) = { ie Lr3: g (0 ¢ g.(] i e kluw

1 e ktvw)



L ower ‘oo-:.nd CO-nS"'T(.LC’l’(Oﬂ

wts ¢+ 3 3 oolown'ng c: E(k,) — (CJ:]> with no k, monoX,

Hi= G(Vn,P) and ¢ [(nl — Emd ind. umiJ?.

L

\

%X (wv) = {i e Lr] i{¢i(u.),¢i(v)}€ E(H;)} VYV uv € E (k)
Bad Cclgesi = {e ¢ EW: Ix] <al @

Crossing o lowrs - K ewd) = { e fed: g (D # g.(»] 3 € kluv)

1 e klvw)



L ower ‘oo-:.nd CO-nS“'T(LC’l’(Oﬂ

wts ¢+ 3 3 oolo.w-'ng c: E(k,) — (c.::]> with no k, monoX,

Hi= G(Vn,P) and ¢ [(nl — Emd ind. umiJ?.

L

\

X (w) = 1@ e o) g w, g, e EMOYT v ou e E(k)

Bad Cclaesi = {e ¢ EW: Ix] <al @
Cnrossing colowrs Kewd) = { e Lrd: ¢ () ¢ ¢£CV)} j € kluv)
1 e klvw)
Coaowfing'.
X' (e) i§ e ¢ B
X () =

kK (e) \'.g e € B



Lower lbound comstruction

ProPexh'es we want  ( cwacce ﬁ paﬂ/;me"exs>
r" B is swmdll

N

"A\ms+ all eclges o %' have % A colours

Lo P > J - c¢ (Jak§n3 P small htlpS)



Lower lbound comstruction

PrO\oeth'QS we want ( chacce 9 pa,.rame"exs)

r" B is swmll

A\

”mmosl' all edaes q’ %' hae S A colowrs

Lo P > J - ce¢ (Jak§n3 P small hdpS)

Choose st.
wery k-set nusses 2 (ek?) edges in e«ubrg tolouwr  class.

L. G (m p) s un\l,«k(’,a? Yo conbain 2 K.



Lower lbound comstruction

Pro‘oexh'es we want ( chacce ﬂ pa«/ame"efs)

F" B is swmll

ANY

”mmosl' all eclges q’ %' hawve 5 A  colours

Lo P > d - ce (Jak‘mg P small \n&'p5>

Choose st.
wery k-set nusses 2 (ek?) edges in e«ubra toloww  class.
L 6 (mp) s umbikeﬂa to w~bain 3 Kk

“back up w@amang“ is S.¥ no eéae misses wmovre +han v colours

Sz 3
e o= 2 <2 sotispies both!



Lower lbound cComstruction
X is 3 vald CO&OM:’ng!

. Ev&r? edge. cececves » colowrs

Lo cle&;nil’ion + lk(edl 3 A Y e € E(K,,D ((p,(rs\' w\ohne/n{:)



Lower lbound construction
X is 3 vald CO[,O(Mn'ng!

. Eve,ry eclge rececves »  cdlowrs

L aleop,;m:h'on + lk(edl 5 A ¥V e e E (k) (}us\' O™ et )

. whp o Ku. womo X .

Ly d,;gu.es with J)e,w bad e,Ages (Chevwoé’iy

L cligues with many bdd edges (2 Sew®)
Lo  techncal part

need 4o use vandomness | the paf\’i"-'ws ¢;_'s



Opem pvoblems

* veduce dhe (on r)z 93p when r-»s= Clogr amd €k = 102 r
e hapw%raph set co(Owﬁ'ng Tl&mseg number

Lo problems in  CFUMSV :

(2

r.woue. RS'L(K) 1S dou\o\e exPone,yJ’.'af— n n



OP% PVOHEW\S

* veduce dhe (on r)z g,ap when r-» = Cbogr and Ek = 102 r.
o hapw ?YBP\"— sSet COIOLU\/l'ng R &msﬂag MM‘DW
Lo r)rolgle_ms N CFMMSYV

(2

r.woue. RS'L(K) 1S doub\e exPonwl’.'al n n

Thank %oul



Set c,olowring ’Rarmseé bounds

upper bound ( Comlon , Fox , He, Mubag,;l Suk  3nd Verstraele)

e(Kr
R (W) < 2 )
skelch! »?

@ @ o @ T{a&"‘.o‘nal Erdo”s — Szekwes |
W nughbowr\—oocl c_\nas«'ng. ¥ gum et

4+

. keeping +rack op size of

momo X c,&;gaes




Set c,olowring ’Rarmseé bounds

upper bound ( Comlon , Fox , He, Mubag,;l Suk  3nd Verstraele)

e(Kr
R (W) < 2 )
skelch! '

Mo&'\&'ed
Fradtiowal Erdos - Szekeres
W nughbowr\'oocl c_\nasc.'ng. &7 grm ent
Ly 0!\‘2 in ac";‘ve colownr s

4+

. keeping +rack op size of

momo X c,&;gaes

Lo _‘Por active colawrs



Set Colouring ’Rannsea bounds

uppev bound ( Conlon

Fox , He, Mubayi , Sult and Verstraite)

e(Kr
R (W) < 2 )
skekch: ' 2

} vwo achtive colawrs




Set Colou.ring ’Rannsea bounds

uppev bound ( Comlon , Fox  He, Mu.\oaaé,;l Suk  3nd Verstraele)

G(Kr
R (W) < 2 )
skekch: ' 2

} vwo achtive colawrs

Choose  demscest colow in X, to be

activated  (blye)




Set Colwring ’Ramsea bounds

uppev bound ( Comlon , Fox  He, Mu.\oaaé,;l Suk  3nd Verstraele)

G(Kr
R (W) < 2 )
skekch: ' 2

} vwo achtive colawrs

Choose  demscest colow in X, to be

ax\gv” activated  (blue)




Set Colwring ’Ramsea bounds

uppev bound ( Comlon , Fox  He, Mu.\oaaé,;l Suk  3nd Verstraele)

© (kr
2 ) e g0

Y‘lb

@ J active colawrs




Set c,olowring ’Rarmseé bounds

uppev bound ( Comlon , Fox  He, Mub[yégl Suk  3nd Verstraele)

© (kr
D ) o g B
Y‘Ib

@ @ } active colawrs
> Do +the demscties % all sckhive colowns

e bellow 1/, in X, 7

Lo yes activate new colowr .

)




uppev bound ( Comlon

Set c,olowring ’Rarmseé bounds

Fox , He, Mubayi, Suk and Verstraite)

O (kr
< 2 K)

acl’.’ ve oolOu./fS

Do the demsctres % all ackive colowns

e bellow 1/, in X, 7

Lo yes act;vatre new olown .

L No ! Jcms‘:l'g of red 2 A/,

|Mpfv)| > Wallz .



uppev bound ( Conlon

SYON

N

Set c,olowring ’Rarmseé bounds

Fox , He, Mubayi, Suk and Verstraite)

O (kr
< 2 K)

acl’.’ ve oolawfs

Do the demsctres % all ackive colowns

e bellow 1/, in X, 7

Le  yes activate new colowr .

L No qul'g of red 2 i/,

NG| > %, 1y, .



Set c,olowring ’Rarmseé bounds

uppev bound ( Conlon

R
v »

0.0

Fox , He, Mubayi, Suk and Verstraite)

O (kr
< 2 K)

acl’.’ ve oolawfs

Do the demsctres % all ackive colowns
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