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Classical Stein’s method

The Stein's method represents a popular probabilistic collection of
techniques that allows to evaluate the distances between the
probability distributions of random variables.

Given two random variables F, G, the Stein's method allows to
obtain sharp estimates for the quantities of the form

sup |Eh(F) — Eh(G)|
heH

where H constitutes a large enough class of functions.
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Classical Stein’s method

Of particular importance is the case when one of the two random
variables follows the Gaussian distribution (but the cases of other
target distributions are also of interest).

The starting point of the Stein’s method for normal approximation
is the following observation: Z ~ N(0,c2) with o > 0 if and only if

0’Ef'(Z) —EZf(Z) =0

for every function f : R — R such that E|f'(Z)| < co.
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Classical Stein’s method

Then, one can think that if a random variable X has the property
that

o?Ef'(X) — EXf(X)

is close to zero for a large class of functions f, then the probability
distribution of X should be close to N(0, o2).

From this observation, the whole Stein’s theory has been
constructed, leading to various bounds for the distance between
the probability law of the random variable X and the normal
distribution N(0, o).
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Classical Stein’s method

The associated Stein’s equation is:
o2f'(x) — xf(x) = h(x) — Eh(Z),
where h is given and satisfies Eh(Z) < oo.

The Stein's equation has a (unique bounded) solution f, which is
differentiable, with f; bounded
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Classical Stein’s method

Then for any random variable F (under suitable assumptions)
[Eh(F) — ER(Z)| = |0®Efy(F) — EFfy(F)|
and

sup |Eh(F) — Eh(Z)| = sup |o2Ef}(F) — EFf,(F)|

heH heH
= sup [Efy(F)(0® — (DF,D(~L)"*F))|
heH

CE|o? — (DF,D(—L)*F)|.

IA
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Multidimensional Stein’s method

Pimentel’s work: Let X be a random variable and Y a random
vector in RY.

Purpose: measure the (Wasserstein) distance between the law pf

Px.v)

and
PZ®PYa

the distribution of a vector with with independent components,
where Z ~ N(0, 02).
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Multidimensional Stein’s method

The objects from Malliavin calculus

Let (W:)¢epo,1) be a standard Wiener process and /, the multiple
integral of order n w.r.t. W.
I, is an isometry from L2[0,1]" onto L2(Q)

Eln(f)? = n!| 7210130

where f is the symmetrization of f

In(f) is also an iterated Itd integral
If f is symmetric,

1 t2
/n(f):nl/ thn/ thlf(t177tn)
0 0
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Multidimensional Stein’s method

Wiener chaos decomposition:
any random variable F € [?(Q, F, P) (F is the sigma-algebra
generated by W) can be written as

F=>In(fn)
n>0
with f, € L%[0,1]" (uniquely determined by F)

the subset of L2(Q2) generated by I,(f), f € L%[0,1]" is called the
Wiener chaos of order n
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Multidimensional Stein’s method

The Malliavin operators on Wiener chaos:
D is the Malliavin derivative and L is the Onstein-Uhlenbeck
operator

Easy to see that

if F = I,(f)
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Multidimensional Stein’s method

Basic obervation: define
(Nf)(X7 Y) = Uzaxf(x7 Y) - Xf(Xa y)a

for f: R — R differentiable.
Assume X ~ N(0,02) and X is independent of Y. Then

ENF(X,Y) =0.
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Multidimensional Stein’s method

ideea of the proof: By the standard Stein method, for almost all
y € RY,
o?Edyf(X,y) = EXf(X,y)

or

az/Raxf(x,y)dPX(x)—/Rxf(x, y)dPx(x).
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Multidimensional Stein’s method

Let us integrate with respect to the probability measure Py.

o2 /Rd </R 8Xf(x,y)dPX(X)> dPy(y)
= o° Oxf(x,y)dPx(x) @ dPy(y)

]Rd‘H

= o2 Of(x,y)dPx v)(x,y) = 0’ Ed, F(X,Y),

Rd+1

where we used the independence of X and Y for the first equality
on the above line.
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Multidimensional Stein’s method

Similarly,

/Rd ( /R xf (XaY)dPx(X)> dPy(y)

= [ xfln)dPx() 0 Pry) = [ xFxy)dPxn(x.y)
Rd+1 Rd+1
= EXf(X,Y).
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Multidimensional Stein’s method

Conversely, let X be such that E|X| < co. Assume
ENF(X,Y) =0
for any f : Rl — R such that ||0xf|ls < o0. Then
X ~ N(0,0?)

and
X independent of Y.
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Multidimensional Stein’s method

Let ¢ be the characteristic function of the vector (X,Y), i.e.
QD()\lv )‘) =E (ei()\lx—i_)\Y)) )

for A1 € R and A € R?. By applying the one-dimensional Stein
equation for the real and imaginary parts of ¢, we get

Onp(A1,A) = iE (Xei(/\1X+AY)>

= io’E <6Xei(’\1x+)‘y)) = —>\10’2g0(>\1,}\)~
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Multidimensional Stein’s method

By noticing that for every A € RY, ©(0,A) = py(A) (the
characteristic function of the vector Y), we obtain

a2k%

P(A1,A) = py(A)e” 2,

and this implies X ~ N(0,0?) and X independent of Y.
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Multidimensional Stein’s method

We associate the Stein’s equation
(NF)(x,y) = h(x,y) — Eh(Z,y), x€R,y € R

where Z ~ N(0,02) and h: Rt — R is bounded with bounded
partial derivatives.

Then: the above equation admits a unique bounded solution f.
Moreover,

[fnlloo < l10xhlloos  [[0xfhlloo < CllOxhlloo

and
[0y fhlloo < CllOyhl|co-
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Multidimensional Stein’s method

Next, we follow the standard Stein-Malliavin route: Let
0= P(ny) and n = Pz ® Py.

Then

/ h(x,y)d6(x,y) - / B y)dn(x,y)
Rd+1

Rd+1

= 0%Ed\fh(X,Y) — EXfy(X,Y)
Write(if X is centered)

X =6D(-L)"1X
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Multidimensional Stein’s method

and then, if Y = (Y1, ..., Yy),
EXfi(X,Y) = E(D(~L)"'X, Dfy(X,Y))
= Ed.fy(X, Y)(D(—L)"' X, DX)

d
+ED 0y, f(X,Y)(D(~L)"' X, DY;)
j=1

Recall that f; and its partial derivatives are bounded.
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Multidimensional Stein’s method

We obtain, if X, Y € D2 for j =1, ...,d, (by approximating the

Lipschitz functions by differentiable functions with bounded partial
derivatives)

dw(P(x,y): Pz ® Py)
< CIE|o*— (DX, D(—L)'X)|+

d
+> E|(D(-L)"'X,DYj)|
j=1
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Asymptotic independence on Wiener chaos

Wiener chaos

Assume (Xk, k > 1) is a sequence in the p Wiener chaos,
Xie = Ip(fy).

Assume
X =\ 7~ N(0,0?).

k—o00

Let (Yi, k> 1) =(Y1k,..., Yak) be a d-dimensional random
sequence such that

Y, — U in some sense,

with U an arbitrary random vector.
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Asymptotic independence on Wiener chaos

The purpose is to discuss the joint convergence of
(Xka Yk)

to
(Z,0),

with Z, U independent.
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Asymptotic independence on Wiener chaos

The celebrated Fourth Moment Theorem

Fix an integer n > 1. Consider a sequence (Fy = I,(fx), k > 1) of
square integrable random variables in the nth Wiener chaos.
Assume that

Jim E[FZ] = lim nl||fi{en = 1.
Then, the following statements are equivalent.
Q (Fk = In(fi), k > 1) =@ Z ~ N(0,1)
Q limy_ E[F}] = 3.
Q limisoo Ik @1 fillyo2—n =0 for [ =1,2,...,n—1.

Q ||DFk||?, converges to n in L?(2) as k — oo.
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Asymptotic independence on Wiener chaos

A key lemma

Let p > 2 and q > 1 be two integer numbers. Let (Xi, k > 1) be
that such for every k > 1, Xy = I,(fy) with f € HOP. Assume

Xe =\ 7~ N(0,0?).

k—o0
Then, for every g € H®9,

r=1,...,pAqgifp#q

R —2r — 0 for ever:
1 g | Hera—2r = ko Y {r:1,...,(pAq)—1ifp=q-

The result is valid if we replace g by (gk, k > 1) convergent in
H®9.
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Asymptotic independence on Wiener chaos

Recall: if H = L?(T), the contraction f ®, g is the function in
L2(TP+9=2r) given by, for r =1, ..., n,

(f @r g)(t1; - tp+q—2r)
= / f(ur, oy tr, tr, oo tp_r)g(UL, ooy Ury tp— g1, ooy tprg—2r)
duy...du,

and f ® g = f ® g, the tensor product.
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Asymptotic independence on Wiener chaos

General assumptions:

o
X =\ 7~ N(0,67). (1)

o
Y — koo Uin L2(Q). (2)

where U is an arbitrary random vector.

© Xk, Y are asymptotically uncorrelated, i.e. for every
j=1,..d.

EXkYjk —k—00 0 (3)

Ciprian Tudor Université de LILLE Multidimensional Stein method and asymptotic independence



Asymptotic independence on Wiener chaos

Fixed Wiener chaos

Let p > 2 and let g1, ...,.qq > 1 be integer numbers. Assume that
(Xk, k > 1) is such that Xy = I,(f), fx € H®P and (1) holds true.

Let (Yx,k > 1) = ((Yiks -, Ydk), k > 1) be a sequence of
random vectors such that for every k > 1,/ =1,...,d,

Yik = lg;(gj.«) with gj « € HOY,
Suppose (2) and (3). Then
d
(Xe, Yi) =42, (Z/,0),

where Z' ~ N(0,0?) and Z’ is independent by U.
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Asymptotic independence on Wiener chaos

Moreover, for k sufficiently large,

dw (P(x,.,v,): Pz ® Pu)
< C[E|o® — (D(—L) " Xk, DX)|

d
+> END(—L)" Xi, DYj i) h| | + dw (Y, U).
j=1

Ciprian Tudor Université de LILLE Multidimensional Stein method and asymptotic independence



Asymptotic independence on Wiener chaos

Proof

First, we have the Stein-Malliavin bound from the general theory
and the triangle inequality. Indeed, for every kK > 1,

dw (Pix,.v,): Pz ® Po)

< dw (Pix,v,), Pz ® Py,) + dw (Pz ® Py,, Pz» @ Py)
< dw (Pix,. vy, Pz ©® Py,) + dw (Py,, Pu)
— dW(0k7nk)+dW(PYk7PU)

where

Hk:P(Xk,Yk)a Nk =Pz® Py,, n=Pz® Py.
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Asymptotic independence on Wiener chaos

In this step, we prove that

dw 0k, Mk) = k—o0 0.
From the Stein-Malliavin bound that

1
2

- 2
dw (O i) < C[(E((D(—L) X, DXy) — 02) )
d 1
+> (E Xy, DY 4)?)?
j=1
The assumption (1) and the Fourth Moment Theorem implies that

_ 2
E ((D(—L) "Xk, DXi) — 0%)" =400 0.
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Asymptotic independence on Wiener chaos

forevery k> 1landj=1,...,d,

E(D(-L) "Xk, DYjx)® = (EXkYjk)*Lp=g,
PAGj

+ Z C(I’, P, q)kaérgj,k
r=1

2
|H®p+qj72r7

where c(r, p, gj) are constants and c(p A gj, p,q) = 0 if p # q;. By
the key lemma,

H fk®rg:i,kHi,®p+qj—2r — k—s00 0

forevery r=1,..,pAgqj (if p#gqj)and r=1,....(pAg;) — 1 (if
P = qj).
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Asymptotic independence on Wiener chaos

Let f : R*! — R be a continuous and bounded function. By
using the triangle’s inequality, we have

< /R L di(x) — /R » f(x)dni(x)
+ /R FOdm(x) - /R L Fldn(x)

The first summand in the right-hand side converges to zero as
k — oo by Step 2. The second summand in the right-hand side
also goes to zero as k tends to infinity due to the assumption (2).

Then, the conclusion is obtained. O
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Asymptotic independence on Wiener chaos

Finite sum of Wiener chaoses

Assume (X, k > 1) is as before and let
Yie = (Yik, -5 Yak)

be such that for every j =1, ..., d and for every k > 1,

No

Yie=> h(g¥)).

n=0

with No > 1, g¥) € HO" for n > 0,k > 1 and =1,...,d.
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Asymptotic independence on Wiener chaos

Assume (2) and (3). Then

(Xe, Ye) =\ (Z,0)

k—o00

where Z ~ N(0,02) and Z’, U are independent. Moreover, the
estimate Stein-Malliavin estimate holds true.

Ciprian Tudor Université de LILLE Multidimensional Stein method and asymptotic independence



Asymptotic independence on Wiener chaos

General result

Let us consider the integrer numbers p > 2, d > 1. Let
(Xk, k > 1) be a sequence of random variables such that for every
k > 1, Xk = I,(f) with f € HP. Assume that

d
X =\ 7~ N(0,67).
Let (Yx,k > 1) = ((Yiks---, Yd k), k > 1) be a sequence of

random vectors such that, for every j =1, ..., d, the random
variable Y; ;. belongs to D4

Ciprian Tudor Université de LILLE Multidimensional Stein method and asymptotic independence



Asymptotic independence on Wiener chaos

(Continuation) and it admits the chaos expansion
co . .
Yiie=_ In(ay)) with g) € H"
n=0
and

o0
sup Z n!{|gn k| 3@n —M—s00 O. (4)
21 M1
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Asymptotic independence on Wiener chaos

(Continuation) Suppose that there exists a random vector U in
R such that

(d)
Yk _>k—><>o U.
Then, if
EX\ Yk —k—oo O forevery j=1,...,d
we have

(Xk,Yk) — k—00 (Z/,U) in law.

where Z' ~ N(0,02) and Z' is independent by the random vector
U.
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Asymptotic independence on Wiener chaos

Moreover, for k sufficiently large,

dw (P(x,.,v,): Pz ® Pu)
< C[E|o® — (D(—L) " Xk, DX)|

d
+ > END(—L) " Xi, DY i) h| | + dw (Y, U).
j=1
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Asymptotic independence on Wiener chaos

e Condition (4) is automatically verified when
© X « belongs to a finite sum of Wiener chaoses
@ or when Y, =Y for every k > 1.
@ The assumption (4) is not new, it also appears in the context
of the normal approximation of Wiener space
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Asymptotic independence on Wiener chaos

The uncorrelation condition (3) is obviously crucial for the joint
convergence of (Xi, Yy).

Another interesting question is what happens if we assume, instead
of (3), that
EXkYik koo €

with ¢; # 0 for j = 1,...,d. Can we deduce the joint convergence
of (Xk, Yk) to a random vector with marginals Z and U?
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Asymptotic independence on Wiener chaos

In the case when U follows a Gaussian distribution, the answer is
given by the multidimensional Fourth Moment Theorem.

In order to give a complete answer, we need to know how to
characterize the law of the vector (Z,U) when Z ~ N(0, c?) is not
independent of U and the law of U is not Gaussian.
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Asymptotic independence on Wiener chaos

For M > 1, let us define,

Yy = (Y, YM), k>
Clearly, for every k > 1,
E[YY — Yi|[2¢ =Moo 0.

By (3) and the orthogonality of multiple stochastic integrals of
different orders, for every j = 1,...,d and for every M > 1,

EXi Y/ =400 0.
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Asymptotic independence on Wiener chaos

’Eei)\IXkJFi()‘ka)Rd — EeMZ EefAUpd

IN

‘ Ee MXktiAYi)ga Eei>\1Xk+i<>\,Y24>]Rd

4 ’ EeMXktHiAY ) a _ EoiMZ EoiNY M) g

I ‘Eei)qZ’ Ee/ MY e _ EeiMZ’ Eei(AU)gd

= amk + bvk + cm k.
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Asymptotic independence on Wiener chaos

Estimation of ay k.

By the mean value theorem,

amk < E ‘ei<}"Y“>Rd — ei<>"Yﬁ/’>Rd < EHY,Iy — YkHRd

d
2
< USE( ) =S Y sl
j=1 Jj=1 n=M+1
d [e%9)
< W Xsup ST gl
j=1 %2 p=my1

and the last quantity goes to zero as M — oo
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Asymptotic independence on Wiener chaos

bm k goes to zero as k — 0o because YM belongs to a finite sum
of Wiener chaoses.

Cm,k goes to zero because Y,ﬁ” converges to Yy in L2(Q) as
M — oo and Y converges to U in law as k — oo.
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Asymptotic independence on Wiener chaos

It is possible to assume only the convergence in law of the
sequence (Y, k > 1) instead of (2) if the components of Y
belongs to the sum of the first ¢ Wiener chaos with g < p.

Let us consider the integer numbers p > 2, d > 1. Let (X, k > 1)
be a sequence of random variables such that for every k > 1,

Xk = Ip(fx) with fy € HOP that satisfies (1).

Let (Yi, k> 1) = ((Yiks -, Yd,k), k > 1) be a sequence of
random vectors such that, for every j =1, ..., d, the random
variable Y; , belongs to D2, and it admits the chaos expansion

Yk = Z/ (gY)) with g¥) € Ho"

with g < p.
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Asymptotic independence on Wiener chaos

Suppose that there exists a random vector U in R? such that

Y, —{@ w. (5)

k—o00

Then, if (3) holds true, we have

Xi, Yi) =0 (2, 1),

k—o0

where Z' ~ N(0,02) and Z' is independent by the random vector
U. Moreover, (5) holds true.
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Examples

A Central-Noncentral Limit Theorem

Let (BM,t > 0) be a fractional Brownian motion with Hurst index
H € (0,1). For N > 1, define

where Hg is the Hermite polynomial of degree g. Then, the
Breuer-Major theorem states that, if H € <0, 1-— %) the sequence

(Vn, N > 1) converges to a Gaussian random variable
Z ~ N(0, 027,_,), where the variance 057,_, is explicily known.
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On the other hand, the sequence (Uy, N > 1) given by

N—1
Uy = 2N"2H 3" 1, (B,f’+1 - B,’j) , N>1,
i—0
converges in distribution, for H € (3,1), to ¢, yRZH~1) where

R(2H-1) is a Rosenblatt random variable with Hurst parameter
2H — 1 and again the constant ¢, 4 > 0 is known.
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We can show the random sequence (Vjy, Uy) converges in law, as
N — oo, to

(Z7 CZ,HR(ZH_l))

with Z independent of R(2H=1)_ This can be obtained from some
findings in the literature but it also follows from our results.

The purpose is to find the rate of convergence, under the
Wasserstein distance, for this two-dimensional limit theorem.
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Let us assume in the sequel

3 1
H€<4,1 2q> and g >3

By using the Stein-Malliavin bound, we have
dw (P(VN,UN)a Pz ® Pc27HR(2H—1)>

1

< C [(E (6% — (DV, D(—L)*1VN>)2) * + dw(Puy, P, ren-1)

+\/E((DVN, DUN))Z] .
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We known the rate of convergence to their limits for each of the
sequences (Vy, N > 1) and (Un, N > 1).

(E (02 — (DVy, D(L)‘1VN>)2)§
NHLifH e (3,353

47 2q—2
<(
7q qH l . q_ q_
N q2|fHe(7§ 2,722 1).

Moreover, ,
dw(UN, C27HR(2H71)) < CHN§72H.
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We estimate the quantity \/E ((DViy, DUy))?. We have

E(DVy, DUp)?
N

< NV (i i) T (i, hy) i, i) (s i)
ijik =1

+ > (i )T (b, y) Chi, i) Chiy b (hy, b
ijok =1

N
+ > (b b b, b (e ) | = aun + o + a3
i kol=1

The first summand can be decomposed into a sum of 15 terms....
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We found

N2H-2 if H e (%,1 - 2(%4))

_ . 1 1 ’
NI H e (1 k1 4,

E(DVy, DUN)? < cqh

the bound on the first branch being immaterial for g = 3, 4.
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Finally

dw ((Viv, Un), (Z, 2nREHD))
NHL 4 VB2 for H e (3,1 - yiky)

2(q-1)
<c
= "aH N(H-Da+3 1 N3-2H for (1 - 2(71_1), 1- 27];7>
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Examples

Infinite chaos expansion

Let (W(h), h € H) be an isonormal process and let (h;,i > 1) be a
family of elements of H such that for every i,j > 1

(his hi)n = pu(i —J),

where py is the auto-correlation function of the fractional noise.
Consider the sequence (Vy, N > 1) given by

h®P

HMZ

8and let
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Assume

1
O<H<1- .
2p

We know that (Vjy, N > 1) converges in law, as N — oo, to

Z ~ N(0, 05 4)- Moreover, we have the following estimate for the
Wasserstein distance: if N is large,

nz, if He (0,1]
dw(Vn,Z) < CLnf=t if H e [4,22=3)

) 2 2p—2
pH—p+5 2p=3 2p—1
n 2, ifHe [2p72, R ).
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We check the joint convergence in law of the couple (X, Y) when
N — oo and we evaluate the Wasserstein distance associated to it.
we get for N large

n~2, if He (0,4
dW(P(me), Pz&Py) < C nH— 1, if He [2, 4)
nh=1 4 pPH=pt3 if Hel3, 22 1).
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